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Abstract

Many signal processing problems—such as analysis, compression, denoising, and reconstruction—can
be facilitated by expressing the signal as a linear combination of atoms from a well-chosen dictionary. In
this paper, we study possible dictionaries for representing the discrete vector one obtains when collecting
a finite set of uniform samples from a multiband analog signal. By analyzing the spectrum of combined
time- and multiband-limiting operations in the discrete-time domain, we conclude that the information
level of the sampled multiband vectors is essentially equal to the time-frequency area. For representing
these vectors, we consider a dictionary formed by concatenating a collection of modulated Discrete Prolate
Spheroidal Sequences (DPSS’s). We study the angle between the subspaces spanned by this dictionary
and an optimal dictionary, and we conclude that the multiband modulated DPSS dictionary—which is
simple to construct and more flexible than the optimal dictionary in practical applications—is nearly
optimal for representing multiband sample vectors. We also show that the multiband modulated DPSS
dictionary not only provides a very high degree of approximation accuracy in an MSE sense for multiband
sample vectors (using a number of atoms comparable to the information level), but also that it can provide
high-quality approximations of all sampled sinusoids within the bands of interest.

Keywords. Multiband signals, Discrete Prolate Spheroidal Sequences, discrete Fourier transform,
sampling, approximation, signal recovery

1 Introduction

1.1 Signal dictionaries and representations

Effective techniques for signal processing often rely on meaningful representations that capture the
structure inherent in the signals of interest. Many signal processing tasks—such as signal denoising,
recognition, and compression—benefit from having a concise signal representation. Concise signal
representations are often obtained by () constructing a dictionary of elements drawn from the signal
space, and then (i7) expressing the signal of interest as a linear combination of a small number of atoms
drawn from the dictionary.

Throughout this paper, we consider the signal space CV, and we represent a dictionary as an N x L
matrix ¥, which has columns (or atoms) %o, %1, ..,%r_1. Using this dictionary, a signal € CV can
be represented exactly or approximately as a linear combination of the );:

L—1
r~ Vo= Z alilyp;
i=0
for some a € CE, whose entries are referred to as coefficients.

When the coefficients have a small fraction of nonzero values or decay quickly, one can form highly
accurate and concise approximations of the original signal using just a small number of atoms. In some
cases, one can achieve this using a linear approximation that is formed with a prescribed subset of J < L

atoms:
T~ Za[i]z,bi, (1)

1€EQ
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where Q C {0,1,...,L — 1} is a fixed subset of cardinality J. For example, one might use the lowest J
frequencies to approximate bandlimited signals in a Fourier basis.

In other cases, it may be beneficial to adaptively choose a set of atoms in order to optimally represent
each signal. Such a nonlinear approximation can be expressed as

T~ Z aliy,

1€Q(x)

where Q(x) C {0,1,...,L — 1} is a particular subset of cardinality J and can change from signal to
signal. A more thorough discussion of this topic, which is also known as sparse approrimation, can
be found in [14, 15, 29]. Sparse approximations have been widely used for signal denoising [16], signal
recovery [4] and compressive sensing (CS) [5, 6, 8, 10, 17], an emerging research area that aims to
break through the Shannon-Nyquist limit for sampling analog signals. A challenge in finding the best
J-term approximation for a given signal @ is to identify which of the (5) subspaces (or, equivalently,
index sets Q(x)) to use. This problem has garnered much attention in the applied mathematics and
signal processing communities, and conditions can be established under which methods based on convex
optimization [5, 9, 18] and greedy algorithms [3, 30, 31, 40] provide suitable approximations.

1.2 Dictionaries for finite-length vectors of sampled analog signals

In this paper, we study dictionaries for representing the discrete vector one obtains when collecting a
finite set of uniform samples from a certain type of analog signal. We let z(¢) denote a complex-valued
analog (continuous-time) signal, and for some finite number of samples N and some sampling period
Ts > 0, we let

@ = [2(0) 2(T2) - a(N — )T (2)

denote the length-N vector obtained by uniformly sampling x(t) over the time interval [0, NT) with
sampling period Ts. Here T stands for the transpose operator. Our focus is on obtaining a dictionary ¥
that provides highly accurate approximations of  using as few atoms as possible.

It is the structure we assume in the analog signal z(t) that motivates the search for a concise
representation of . Specifically, we assume that z(¢) obeys a multiband signal model, in which the
signal’s continuous-time Fourier transform (CTFT) is supported on a small number of narrow bands.
We describe this model more fully in Section 1.2.2. Before doing so, we begin in Section 1.2.1 with a
simpler analog signal model for which an efficient dictionary W is easier to describe.

1.2.1 Multitone signals

A multitone analog signal is one that can be expressed as a sum of J complex exponentials of various
frequencies:

J—1
il,'(t) — Z /8¢€j27rFit.
i=0

Suppose such a multitone signal z(t) is bandlimited with bandlimit % Hz, i.e., that max; |F;| < %.
Let «, as defined in (2), denote the length-N vector obtained by uniformly sampling x(¢) over the time
interval [0, NTs) with sampling period Ts < ﬁyq which meets the Nyquist sampling rate. We can express
these samples as

J—1
el =Y B/ n=0,1,...,N — 1, (3)
=0

where f; = F;T,. This model arises in problems such as radar signal processing with point targets [27]
and super-resolution [7].

In certain cases, an effective dictionary for representing a is the N x N discrete Fourier transform
(DFT) matrix [2, 41, 27], where ;[n] = 2™ /N for §=10,1,...,N—1and n=0,1,...,N — 1. Using
this dictionary, we can write & = Wa, where o € CV contains the DFT coefficients of . When the
frequencies f; appearing in (3) are all integer multiples of 1/N, then o will be J-sparse (meaning that
it has at most J nonzero entries), and the sparse structure of z(t) in the analog domain will directly
translate into a concise representation for @ in C. This “on grid” multitone signal is sometimes assumed
for simplicity in the CS literature [41]. However, when the frequencies comprising z(t) are arbitrary, the
sparse structure in a will be destroyed due to the “DFT leakage” phenomenon. Such a problem can be
mitigated by applying a windowing function in the sampling system, as in [41], or iteratively using a



refined dictionary [20]. An alternative is to consider the model (3) directly as in [19, 39]. However, such
approaches cannot be generalized to scenarios in which the analog signals contain several bands, each
with non-negligible bandwidth.

1.2.2 Multiband signals

A more realistic model for a structured analog signal is a multiband model, in which z(¢) has a CTFT
supported on a union of several narrow bands

J—1
F= U [Fz - Bbandi/27 Fz + Bbandi/Q],

1=0

z(t) = /FX(F)ejQ"FtdF.

Here X (F) denotes CTFT of x(t). The band centers are given by the frequencies {F:};c};; and the band
widths are denoted by {Bband; }ic[s], Where [J] denotes the set {0,1,...,J —1}.

Again we let x, as defined in (2), denote the length-N vector obtained by uniformly sampling x(t)
over the time interval [0, NTs) with sampling period Ts. We assume T is chosen to satisfy the minimum
Nyquist sampling rate, which means

1 1
T, < = .
5= Bnyq 2n’la'XiE[J] {‘F’L:I:Bbandi/2|}

Under these assumptions, the sampled multiband signal & can be expressed as an integral of sampled
pure tones (i.e., discrete-time sinusoids)

m[n]:/ Z(f)e*™ ™ df, n=0,1,...,N —1, (4)
W

where the digital frequency f is integrated over the union of intervals

W :=T.F = [fo— Wo, fo+ WolU[fi = W1, fi + Wi]U---U[fs1 =Wy, fr1 + Wy_1] C {—57 5} (5)

with fi = TsF; and W; = T Bpana, /2 for all ¢ € [J]. The weighting function Z(f) appearing in (4) equals
the scaled CTFT of z(t),
1

B = X E)p g 1< 5
and corresponds to the discrete-time Fourier transform (DTFT) of the infinite sample sequence
{.,2(—2Ts),2(—Ts),x(0), x(Ts), x(2T5),... }.  (However, we stress that our interest is on the
finite-length sample vector & and not on this infinite sample sequence.) Such multiband signal models
arise in problems such as radar signal processing with non-point targets [1] and mitigation of
narrowband interference [11, 12].

In this paper, we focus on building a dictionary in which finite-length sample vectors arising from
multiband analog signals can be well-approximated using a small number of atoms. The DFT basis is
inefficient for representing these signals because the DFT frequencies comprise only a regular, finite grid
rather than a continuum of frequencies as appears in (5). Consequently, as previously discussed, any “off
grid” frequency content in x(t) will spread across the DFT frequencies when the signal is sampled and
time-limited.

In the simplified case of a baseband signal model (where J =1, Fy = 0, and Ts < ﬁyq), an efficient
alternative to the DFT basis is given by the dictionary of Discrete Prolate Spheroidal Sequences
(DPSS’s) [37]. DPSS’s are a collection of bandlimited sequences that are most concentrated in time to
a given index range and the DPSS vectors are the finite-support sequences (or vectors) whose DTFT is
most concentrated in a given bandwidth [37]; we review properties of DPSS’s in Section 2.3. DPSS’s
provide a highly efficient basis for representing sampled bandlimited signals (when W reduces to a
simple band [—~Wo, Wy]) and have proved to be useful in numerous signal processing applications. For
instance, extrapolating a signal from a finite set of samples is an important problem with applications
in remote sensing and other areas [33]. Omne can apply DPSS’s to find the minimum energy,
infinite-length bandlimited sequence that extrapolates a given finite vector of samples [37]. Another
problem involves estimating time-varying channels in wireless communication systems. In [42], Zemen



and Mecklenbrauke showed that expressing the time-varying subcarrier coefficients with a DPSS basis
yields better estimates than those obtained with a DFT basis, which suffers from frequency leakage.

By modulating the baseband DPSS vectors to different frequency bands and then concatenating these
dictionaries, one can construct a new dictionary that provides an efficient representation of sampled
multiband signals. Sejdié¢ et al. [36] proposed one such dictionary to provide a sparse representation for
fading channels and improve channel estimation accuracy. Zemen et al. [43, 44] utilized multiband DPSS
sequences for band-limited prediction and estimation of time-variant channels. In CS, Davenport and
Wakin [13] studied multiband modulated DPSS dictionaries for recovery of sampled multiband signals,
and Sejdi¢ et al. [35] applied these dictionaries for the recovery of physiological signals from compressive
measurements. Ahmad et al. [1] used such dictionaries for mitigating wall clutter in through-the-wall
radar imaging, and modulated DPSS’s can also be useful for detecting targets behind the wall [45].

In most of these works, the dictionary is assembled by partitioning the digital bandwidth f%, %]
uniformly into many bands and constructing a modulated DPSS basis for each band. The key fact
that makes such a dictionary useful is that finite-length sample vectors arising from multiband analog
signals will tend to have a block-sparse representation in this dictionary, where only those bands in the
dictionary overlapping the frequencies W are utilized. With this block-sparse structure, [13] provided
theoretical guarantees into the use of this dictionary for sparsely representing sampled multiband signals
and recovering sampled multiband signals from compressive measurements.

To date, however, relatively little work has focused on providing formal approximation guarantees for
sampled multiband signals using multiband modulated DPSS dictionaries. To the best of our knowledge,
an approximation guarantee in a mean-square error (MSE) sense was first presented formally in [13].
However, the question of how this dictionary compares to an optimal one has not been addressed. The
objective of this paper is to answer this question and related ones.

1.3 Contributions

We study multiband modulated DPSS dictionaries in terms of the subspaces they span on the respective
bands. More specifically, let
327 f0
eI2f1
11
= (CN I
€er : S ’ f € [ 27 2]

ej27rf(N71)

denote a length-N vector of samples from a discrete-time complex exponential signal with digital
frequency f. Then, it follows directly from (4) that a multiband sample vector x can be expressed as

m:/ i(f)ey df, (6)
W

where W is as defined in (5). We can interpret this equation geometrically: the sampled complex
exponentials {Ef}fe[_l/g’l/gl comprise a one-dimensional submanifold of CY. The vectors

Moy = {ef}rew

trace out a union of J finite-length curves belonging to this manifold. The sample vector x can be
expressed as an integral over the vectors in My, with weights determined by Z(f).
We are interested in several questions relating to the union of curves Myy:

e What is its effective dimensionality? That is, what dimensionality of a union of subspaces could
nearly capture the energy of all signals in My, in the 2 metric?

e What is a suitable basis for the collective span of this union of subspaces?

Since we consider £2 approximation error, we will approach the approximation problem via the Karhunen-
Loeve (KL) transform (also known as principal component analysis (PCA) [26]) [38, 13]. We can imagine
drawing a vector randomly from Myw with random phase, and we study the covariance structure of this
random vector. Its covariance matrix is By w, which has entries

J—1
W = i v E : j27 f; — i 271Wi(m—n))
B = ]27r_f(m )d _ 72 1<m n) Sln(
N, [m,n] / e f i e (m n) ( )



for all m,n € [N]. The eigen-decomposition of By,w provides the optimal dictionary for linearly
approximating this random vector. In particular, the k eigenvectors corresponding to the k largest
eigenvalues of By,w span the k-dimensional subspace of CV that best captures these random vectors in
terms of MSE; the resulting MSE equals the sum of the N — k smallest eigenvalues. When k can be
chosen such that this residual sum is indeed small, this indicates that the effective dimensionality
(informally, the “information level”) of the set Mw is roughly k.

The first contribution of this paper is to investigate the spectrum of the matrix By w, which is
equivalent to a composed time- and multiband- limiting operator ZyBwZyx defined in Section 2.2. In line
with analogous results for time-frequency localization in the continuous-time domain [25, 28], we extend
some of the techniques from [25, 28] for the discrete-time case and show that the number of dominant
eigenvalues of ZnBwZy (and hence Byw) is essentially the time-frequency area N|W| = . 2NW;,
which also reveals the effective dimensionality of the union of curves Myy. Furthermore, similar to the
concentration behavior of the DPSS eigenvalues for a single frequency band, we show that the eigenvalues
of the operator ZyBwZx have a distinctive behavior: the first = N|W| eigenvalues tend to cluster near
1, while the remaining eigenvalues tend to cluster near 0. All of these facts tell us that ~ N|W| atoms
are needed in order to accurately approximate, in an MSE sense, discrete-time sinusoids with frequencies
in W. As indicated in (6), such discrete-time sinusoids are themselves the building blocks of sampled
multiband signals.

The second contribution of this paper is to show that the multiband modulated DPSS dictionary is
approximately the optimal one for representing sampled multiband signals. Specifically, we show that
there is a near nesting relationship between the subspaces spanned by the true eigenvectors of By w
and by the multiband modulated DPSS vectors on the bands of interest.? Directly computing both
baseband DPSS vectors and the eigenvectors of Bn,w can be difficult, as the clustering of the eigenvalues
makes the problem ill-conditioned. However, several references such as [21, 37] have pointed out that
the baseband DPSS’s can also be computed by noting that the corresponding prolate matrix commutes
with a well-conditioned symmetric tridiagonal matrix. Thus, the multiband modulated DPSS dictionary,
which merely consists of various modulations of baseband DPSS’s, can be constructed more easily than
the optimal one (which consists of the eigenvectors of By w).

The third contribution of this paper is to confirm that the multiband modulated DPSS dictionary
provides a high degree of approximation for all sample vectors ey of discrete-time sinusoids with
frequencies f in our bands of interest. We also show that for any continuous-time multiband signal that
is also approximately time-limited, the resulting finite-length sample vector can be well-approximated
by the multiband modulated DPSS dictionary. This result serves as a supplement to [13], which shows
this approximation guarantee is available for a time-limited signal which has its spectrum concentrated
in the bands of interest.

We hope that these results will prove useful in the continued study and application of multiband
modulated DPSS dictionaries.

The remainder of this paper is organized as follows. Section 2 defines the time- and multiband-limiting
operator and provides some important background information on DPSS’s. We state our main results in
Section 3. We conclude in Section 4 with a final discussion.

2 Preliminaries

2.1 Notation

Finite-dimensional vectors and matrices are indicated by bold characters. We index all such vectors and
matrices beginning at 0. The Hermitian transpose of a matrix A is denoted by A™. For any natural
number N, we let [N] denote the set {0,1,..., N — 1}. For any k € {1,2,..., N}, let [A]x denote the
N x k matrix formed by taking the first k& columns of A € CV*¥_ In addition, z(N) ~ y(N) means =
and y are asymptotically equal, that is 2(N) = y(N) + o(y(N)) = (1 + 0o(1))y(N) as N — oo.

!By equivalent, we mean that By we = In (Bw(Zx (x))) for any @ € CV.

2By “bands of interest,” we mean the union of intervals F for continuous-time signals and W for discrete-time signals. We
assume these bands are known and are used to construct the multiband modulated DPSS dictionary. The results in this paper,
however, can also have application in the problem of detecting the active bands from a set of possible candidates, as was studied
in [13].



2.2 Time, index, and multiband-limiting operators

To begin, let By : €2(Z) — €2(Z) denote the multiband-limiting operator that bandlimits the DTFT of
a discrete-time signal to the frequency range W C [—1, 1], i.e., for y € £2(Z), we have that

Bawim] = | eﬂ"fmdf*y[m]—nim (v [ e,

where * stands for convolution. In addition, let T : ¢2(Z) — ¢2(Z) denote the operator that zeros out
all entries outside the index range {0,1,..., N —1}. That is

Tt = { 40 eI

Next, define the index-limiting operator Zy : ¢2(Z) — CN as
In(y)lm] == y[m], m € [N].
The adjoint operator T} : CY — £2(Z) (anti-index-limiting operator) is given by

m € [N],

. _ | ylml,
In(Y)m] = { ?OJ, otherwise.

We can observe that Ty = ZTNZn.
Now the time- and multiband-limiting operator BwTn : ¢2(Z) — {2(Z) is defined by

N-1

BuTv)im = X (sti] [ &) me (®)

n=0

Further composing the time- and multiband-limiting operators, we obtain the linear operator TnBw7Tn :
Ez (Z) — éQ(Z) as

N-1 n ej27r (m—n) m
Tzv(zsw(my)))[m]z{ S5 (vln] fyy ™) me [N, "

0, otherwise.

Similarly, combining the index- and multiband-limiting operators, we obtain the linear operator
INBwIy : cN = CN as

Tn (B (Th@))m] = 3 (yw /W eﬁ”f(m-")df) . me [N, (10)

Suppose y' € ¥l2(Z) is an eigenfunction of TyBwTny with corresponding eigenvalue M':
Tn(Bw(Ta(y'))) = X'y'. We can verify that Zn (Bw(Zxy(Zn(y')))) = NZn(y'). On the other hand, if y”
and X" satisfy Zn (Bw(Zx(y"))) = Xy”, then we can conclude that Tnx (Bw(Tw (Zx(¥"")))) = X' Zx (y").
Therefore TnwBwTn and ZnyBwZx have the same eigenvalues, and the eigenvectors of ZyBwZx can be
obtained by index-limiting the eigenvectors of TnBwTn.

Note that Zn BwZj is equivalent to the covariance matrix By w (see (7)), as a linear operator on CV.
Thus, in order to answer the questions raised in Section 1.3, we will study the eigenvalue concentration
behavior of ZnBwZy -

2.3 DPSS bases for sampled bandlimited signals

In this subsection, we briefly review important definitions and properties of DPSS’s from [13, 37].

2.3.1 DPSS’s and DPSS vectors
Definition 2.1. (DPSS’s [37]) Given W € (0,3) and N € N, the Discrete Prolate Spheroidal

Sequences (DPSS’s) {sg\(,)?w,s%?w,...,s%\;,l)} are real-valued discrete-time sequences that satisfy
B[_W,W](TN(SS\Z,),W)) = A%{ngf,{w for all 1l € [N]. Here A(NO?W,...,)\E\I,YVT,l) are the eigenvalues of the

operator Bi_w,w) Ty with order 1 > )‘g\?,)w > )‘g\},)w S>> )\gvl\jv—vl) > 0.



The DPSS’s are orthogonal on Z and on {0,1,..., N — 1}, and they are normalized so that

1, k=1

s Tt = {3 42

Consequently, ||s§\l,)WH§ = ()\g\l,)yw)fl. The vector obtained by index-limiting sg\l,)w to the index range
{0,1,..., N — 1} is an eigenvector of the N x N matrix By w with elements given by®

sin(27W(m — n)) .

W .
-W

DPSS’s are useful for constructing a dictionary that efficiently represents index-limited versions of
sampled bandlimited signals.  As pointed out in [13], the index-limited DPSS’s also satisfy

In (Biow,w)(Th (s ) = AW w I (53w )-
Definition 2.2. (DPSS wvectors [37]) Given W € (0,%) and N € N, the DPSS wvectors SS\(]),)W

)
sg\i)w, ey sg\],\jv}l) € RY are defined by index-limiting the DPSS’s to the index range {0,1,...,N —1}:

I 1
ng),w = IN(SE\J),W)

and satis
7y I (B * ) — B o _ )\(l) )
N (Bi—w,w( N(SN,W))) = DNWSNyw = AN WSN,w-

It follows that By ,w can be factorized as
H
Byw = SywANwSN,w,

where Anw is an N x N diagonal matrix whose diagonal elements are the DPSS eigenvalues
Ag\?,)w’ Ag\l,?w, NN )\g\,}\f‘,}l) and Sy w is a square (N x N) matrix whose [-th column is the DPSS vector
sg\l,)yw for all I € [N].

The following provides a useful result on the clustering of the eigenvalues AE\??W, )\S\}?W, co )\%\fv}l).

Lemma 2.3. (Clustering of eigenvalues [13, 87]) Suppose that W € (0, %) is fized.
1. Fiz e € (0,1). Then there exist constants C1(W,e€), Co(W,€) (which may depend on W, e) and an
integer No(W, €) (which may also depend on W, e) such that

1= Ay < Ci(W, e @WON i< aNW (1 - o) (11)

for all N > No(W,€).

2. Fize € (0, 53 —1). Then there exist constants Cs(W,€), Ca(W,€) (which may depend on W, e) and
an integer N1(W,e) (which may also depend on W, e) such that

Ay < C5(W, e VON v 1> NW (1 + ¢)] (12)
for all N > N1(W,e).

In words, the first &~ 2NW eigenvalues tend to cluster very close to 1, while the remaining eigenvalues
tend to cluster very close to 0. As a consequence of this behavior, the effective dimensionality of the

vectors M_w,w] := {ef}ej—w,w] (which trace out a finite-length curve in C™) is essentially 2NW, and
we can use a subspace formed by the first ~ 2NW DPSS vectors to approximate this curve with low
MSE.

3For convenience, we use By w instead of BN,[—W,W] to denote the matrix which is equivalent to the operator
INB[fw,W]II*V- This is also the reason that we use An,w, sy,w and sy w (which will be defined later) instead of )\N,[—W,W]7
SN, [-w,w] and Sy [—w,w)-



2.3.2 DPSS bases for sampled bandpass signals

Let us now consider the eigenvectors of the operator Zn (Bis.—w,s.+w](Zx)), which can be expressed as:

fetW
IN(Bife—w.se+w)(In(y)))m] = (/ eﬂmfdf) * (In(y)[m])

N-—
Z e B

for al m =0,1,...,N — 1. Let Ef_ denote an N x N diagonal matrix with entries

ej27rfcm’

Erdmnl={ §

m=mn,
m #n.

We can verify that the modulated DPSS vectors Efc.sg\?)w7 Ey, sﬁ?w, ..., Ey, sg\],\f‘;/l) satisfy
In (Biso-wiserwl (TN (Brosw))) = Er. BywEf By sy = MYy Bros{y

That is, ()\EV)W, E;, sN W) is an eigenpair of the operator Zn (Bys,—w,s.+w](Zx)) for all I € [N].

For any integer k € {1,2,..., N}, let Q := [E¢, SNy w]r denote the N x k matrix formed by taking the
first £ modulated DPSS vectors. Also let Pg denote the orthogonal projection onto the column space of
Q. It is shown in [13] that the dictionary @ provides very accurate approximations (in an MSE sense)
for finite-length sample vectors arising from sampling random bandpass signals.

Theorem 2.4. ([15] Theorem 4.2) Suppose x is a continuous, zero-mean, wide sense stationary random
process with power spectrum

Bpand’

1 A c [Fc _ Bb;ud , }7’C _j’_ Bb;ndL
P,(F) = .
0, otherwise.

Let € = [2(0) 2(Ts) ... (N — 1)Ts)]T € CV denote a finite vector of samples acquired from z(t) with
a sampling interval of Ts < 1/(2max{|F. + Zrand|}). Let f. = F.Ts and W = Branale - We will have

N—

fetW
B[z — Poal[3] = QW/ ||ef—PQef\|2df_WZ AU
=k

Furthermore, for fized € € (0, 53 — 1), set k = 2NW (1 +¢€). Then
Cs(W,e) o _cuw,on
W Ne

for all N > N1(W,¢), where N1(W,e), C3(W,e€), Ca(W,€) are constants specified in Lemma 2.3. For
comparison, E [Hw||§] = ||ef\|§ =N.

E [|le — Poall3] < (13)

3 Main Results

We now consider the multiband case, where W C [—1, 1] is a union of J intervals as in (5). For each
i € [J], define W; = [Ef, Sn,w, ]k, for some value k; € {1,2,..., N} that we can choose as desired. We

construct the multiband modulated DPSS dictionary ¥ by concatenating these subdictionaries:
v .= [‘I’o \I’l e \p‘],1]. (14)

In this section, we investigate the efficiency of using ¥ to represent discrete-time sinusoids and sampled
multiband signals.



3.1 Eigenvalues for time- and multiband-limiting operator

We begin by studying the eigenvalue concentration behavior of the operator Zy BwZx (and hence By w),
which reveals the effective dimensionality of the finite union of curves Mw = {ey} rew.

We first establish the following rough bound, which states that all the eigenvalues of ZyBwZyx are
between 0 and 1.

Lemma 3.1. For any W C [—%, %] and N, the operator InBwZy is positive-definite with eigenvalues

1> A0 > A% > = a0 >0

and
N-1
l
AWy = N|W|.
1=
o . © (N-1)
We denote the corresponding eigenvectors of INBwLIy by Wy 'y, Un'yys -« Ungw -

Proof. See Appendix A.
There is, in fact, a sharp transition in the distribution of the eigenvalues of ZnyBwZy. We establish
this fact in the following theorem.

Theorem 3.2. Suppose W is a finite union of J pairwise disjoint intervals as defined in (5). For any
e € (0, %), the number of eigenvalues of InBwZIx that are between € and 1 — ¢ is bounded above by

Zlog(N —1) + &2
e <A\, <1-e} < I B 5(1_)5)# N-1 (15)

Proof. See Appendix B.

This result states that the number of eigenvalues in [¢,1 — €] is in the order of log(N) for any fixed
e € (0, %) Along with the following result which states that the number of eigenvalues of ZnBwZx
greater than % equals ~ N|W|, we conclude that the effective dimensionality of My is approximately
NIW| =3, 2NW,.

Theorem 3.3. Let W C [—1, 1] be a finite union of J disjoint intervals having the form in (5). Denote

by
, N , N-—-1 n’' 1 n 1
= =< < | ——, (e — ==, —F+——)C W
L #{n EZ LQJ_H_L J? (N 2 7N+2 )C }
and N N-1, o 1 o 1
— / e A A =M T A L S W )
e elilglsm s b (G gy ) WA D

In particular, it holds that |[N|W|| —2J +2 <t_ <1y < [N|W|] + 2J — 2. Then the eigenvalues of the
operator InBwZIyx satisfy

2 A(L+)

(e——=1)
Avw 2 N,W*

1
=2

Proof. See Appendix C.

Note that results similar to the above two theorems for time-frequency localization in the continuous
domain have been established in [22, 25, 28]. Similar to the ideas used in [22], the key to proving
Theorem 3.2 is to obtain an upper bound on the distance between the trace of ZyBwZy and the sum
of the squared eigenvalues of ZyBwZx. Constructing an appropriate subspace with a carefully selected
bandlimited sequence for the Weyl-Courant minimax characterization of eigenvalues is the key to proving
Theorem 3.3. The proof techniques of [25, 28] form the basis of our analysis in Appendix C, but some
modifications are required to extend their results to the discrete domain.

Similar to what happens in the single band case (when J = 1; see Lemma 2.3), the eigenvalues of
INBwIx have a distinctive behavior: the first N|W| = >~ 2NW,; eigenvalues tend to cluster very close
to 1, while the remaining eigenvalues tend to cluster very close to 0. This is captured formally in the
following result.



Theorem 3.4. Let W C [—%7 %] be a fized finite union of J disjoint intervals having the form in (5).
1. Fiz e € (0,1). Then there exist constants C1(W,€), C2(W,€) (which may depend on W and €) and
an integer No(W, €) (which may also depend on W and €) such that

APy > 1= Cr(W,e) N2~ 2N 1y 1 <7 — 14+ 3 2NWi(1 - o)

for all N > No(W,e¢).
2. Fiz e € (0, ﬁ —1). Then there exist constants Cs(W,¢), Ca(W,€) (which may depend on W and
€) and an integer N1(W, €) (which may also depend on W and €) such that

ALy < Ca(W,e)e” N v 1> S TaNWi(1 + €)]
for all N > N1(W,e).

We point out that No(W,e) > max{No(Wi,e), Vi€ [J]}, C2(W,e) = mi"{02<wi;)’ v iell}
C3(W,¢e) = Jmax{C3(Wi,¢), Vi € [J]} and Ca(W,€) = min {Ca(W;,¢), Vi € [J]}, which will prove
useful in our analysis below.

Proof. See Appendix D.

3.2 Multiband modulated DPSS dictionaries for sampled multiband
signals

Let p € {1,2,...,N}. Define

® = [uly iy U ) (16)
where u%{w, V I € [N] are the eigenvectors of ZyBwZy. Let ¥ be the multiband modulated DPSS
dictionary defined in (14).

There are three main reasons why the dictionary ¥ may be useful representing sampled multiband
signals. First, direct computation of ® is difficult due to the clustering of the eigenvalues of By w.
However, in the single band case, the matrix By,w is known to commute with a symmetric tridiagonal
matrix that has well-separated eigenvalues, and hence its eigenvectors can be efficiently and stably
computed [37]. Griinbaum [21] gave a certain condition for a Toeplitz matrix to commute with a
tridiagonal matrix with a simple spectrum. We can check that the matrix By,w in general does not
satisfy this condition, except for the case when W consists of only a single interval. However, we
emphasize that W is constructed simply by modulating DPSS’s, which, again, can be computed
efficiently.

Second, the multiband modulated DPSS dictionary W provides an efficient representation for
sampled multiband signals. Davenport and Wakin [13] provided theoretical guarantees into the use of
this dictionary for sparsely representing sampled multiband signals and recovering sampled multiband
signals from compressive measurements. We extend one of these guarantees in Section 3.2.3. Moreover,
we confirm that a multiband modulated DPSS dictionary provides a high degree of approximation for
all discrete-time sinusoids with frequencies in W in Section 3.2.2.

Third, as indicated by the results in Section 3.1, ~ N|W| dictionary atoms are necessary in order
to achieve a high degree of approximation for the discrete-time sinusoids in an MSE sense. Our results,
along with [13], show that the multiband modulated DPSS dictionary ¥ with ~ N|W/| atoms can indeed
approximate discrete-time sinusoids with high accuracy. In order to help explain this result, we first
show that there is a near nesting relationship between the subspaces spanned by the columns of ¥ and
by the columns of the optimal dictionary ®.

3.2.1 The subspace angle between Sy and Ss

In order to compare subspaces of possibly different dimensions, we require the following definition of
angle between subspaces.
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Definition 3.5. Let Sw and Ss be the subspaces formed by the columns of the matrices ¥ and P
respectively. The subspace angle Osys4 between S¢ and Se is given by

cos(Osysg) - || Pe |2

= inf
PESe,||dll2=1
if dim(Sw) > dim(Ss), or

cos(Osg sy ) 1= [[Pap||2

inf
YESy,||Pll2=1
if dim(Sw) < dim(Ss). Here Py (or Ps) denotes the orthogonal projection onto the column space of ¥
(or ®).

Our first guarantee considers the case where in constructing ¥, each k; is chosen slightly smaller
than 2NW;, and in constructing ®, we take p to be slightly larger than >, 2NW;. In this case, we can
guarantee that the subspace angle between S¢ and S is small.

Theorem 3.6. Let W C [—1, 1] be a fized finite union of J disjoint intervals having the form in (5).
Fiz e € (0,min {1, W —1}). Letp=>,[2NW;(1+¢€)| and ® be the N x p matriz defined in (16). Also
let ks < [2NW;(1 —€)|,Vi € [J] and ¥ be the matriz defined in (14). Then for any column ¥ in W,

201 (W, e)e=C2(MaN

[ = Pap3 < —— ! - _
(1 — C1 (W, e)e=C2(W.a)N _ C5(W, 6)6—04(W,5)N)

=:k1(NV, W, ¢)

and

~ Co(W,e)
1— k1 (N,W,e) — N\/k1(N,W,e) —3N{/C1(W,e)e” 2 N

1+ 3N4/ Cy (W, e)e™ C2GrIN

if N > max{No(W,e), N1 (W, ¢)}. Here C1(W,€) =  max{C1(Wi,e), Viel[J]},
C2(W,¢) = min{C2(Wi,e€), Vi€ [J]}, No(W,e), Ni(W,¢), C5(W,¢), and C4(W,€) are the constants
specified in Theorem 3.4, and C1(Wi, €) and C2(Wi, €) are the constants specified in Lemma 2.3.

cos(Osy54) > (17)

Proof. See Appendix E.

We can also guarantee that the subspace angle between Sy and Ss is small if, in constructing ¥,
each k; is chosen slightly larger than 2N W;, and in constructing ®, we take p to be slightly smaller than
>-; 2NW;. This result is established in Corollary 3.8, which follows from Theorem 3.7.

Theorem 3.7. Let W C [—1, 1] be a finite union of J disjoint intervals having the form in (5). Given
some values k; € {1,2,...,N},Vi € [J], let ® be the matriz defined in (14). Then

N-1

J—1
l l l;
1Peul)ylle > A0 = > 7 AU,
i=0 l;=k;

=k

foralll € {0,1,...,N —1}.
Proof. See Appendix F.

Corollary 3.8. Let W C [—3, 1] be a fized finite union of J disjoint intervals having the form in (5).
Fiz e € (0, min{1, ﬁ —1}). Letp < J =14 > [2NW;i(1 —€)] and ® be the N x p matriz defined in
(16). Also let k; = [2NW;(1+¢€)],Vi € [J] and ¥ be the matriz defined in (14). Then for any column
ul), in ®
N,W ) _ _
1Pau)yll2 > 1 — Cr(W,e)N2e™ 2N — NO3(W, €)™+ ("N

and

cos(Osg84) > \/1 — 2K2(N,W,e) + r3(N,W,e) — N\/2H}2(N,W, €) — k3(N,W,e) (18)

for all N > max{No(W,e), N1 (W, e)}, where No(W,e), N1(W,e),C1(W,e),C2(W,¢),C3(W,¢) and
Cs(W,€) are constants _specified in  Theorem 8.4,  and rk2(N,W,¢e) s defined as
K2 (N, W, €) := C1(W, )N?e 2N 4 NC3(W,e)e” @4V,
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Proof. See Appendix G.

Although our results hold for scenarios where one dictionary contains ), [2NW;(1 — ¢€)] atoms while
another one has ), [2NW;(1 + €)] atoms, we note that these dimensions can be made very close by

choosing e sufficiently small.

3.2.2 Approximation quality for discrete-time sinusoids

The above results show that ¥ spans nearly the same space as ® in the case where both dictionaries
contain &~ N|W| columns. In this section, we investigate the approximation quality of ¥ for discrete-
time sinusoids with frequencies in the bands of interest. Then, in the next section, we investigate the
approximation quality of ¥ for sampled multiband signals.

We first prove that a single band dictionary with slightly more than 2 NW baseband DPSS vectors can
capture almost all of the energy in any sinusoid with a frequency in [-W, W]. Our analysis is based upon
an expression for the DTFT of the DPSS vectors proposed in [37]. We review this result in Appendix H.

Theorem 3.9. Fiz W € (0,3) and e € (0, 535 —1). Let W' = § —W, ¢ = e and k = 2NW (1 +e¢).

Y2W T
2
Then there exists a constant Co(W',€') (which may depend on W' and €’') such that

lles — Pisy wixer|3 < Co(W', e )N?/2e=C2W N Ly ) <y

Sn,w

for all N > No(W',€"), where No(W',€') and Co(W',€') are constants defined in Lemma 2.3.

Proof. See Appendix I.

To the best of our knowledge, this is the first work that rigorously shows that every discrete-time

sinusoid with a frequency f € [—W, W] is well-approximated by a DPSS basis [Sn,w]r with k slightly
larger than 2NW. This result extends the approximation guarantee in an MSE sense presented in [13].
We now extend this result for the multiband modulated DPSS dictionary.
Corollary 3.10. Let W C [—1, 1] be a fized finite union of J disjoint intervals having the form in (5).
Fiz e € (0, ﬁ —1). Let ki =2NW;(1+¢€),Vi € [J] and ¥ be the matriz defined in (14). Then there exist
constants C1o(W, €) and C11(W, €) (which may depend on W and €) and an integer No(W, €) (which may
also depend on W and €) such that

llef — Pyey|3 < Cio(W,e)N?/2e=C1(MaON "y ey (19)
for all N > No(W,€).

Proof. See Appendix J.

3.2.3 Approximation quality for sampled multiband signals (statistical analysis)

As indicated in [13], in a probabilistic sense, most finite-length sample vectors arising from multiband
analog signals can be well-approximated by the multiband modulated DPSS dictionary. In this final
section, we generalize the result [13, Theorem 4.4] to sampled multiband signals where each band has a
possibly different width.

Theorem 3.11. Suppose for each i € [J], z;(t) is a continuous-time, zero-mean, wide sense stationary
random process with power spectrum

1 Bpand; Bpand;
—_— ) - =S < F<F+ 252
Py, (F) ={ {20 Bvanq, 2 =0 2 (20)
0, otherwise,
and furthermore suppose xo(t),z1(t),...,xs-1(t) are independent and jointly wide sense stationary. Let

Ts denote a sampling interval chosen to satisfy the minimum Nyquist sampling rate, which means Ts <

ﬁyq =1/ (2max{ F; + % , Vie [J}}) Let ; = [2:(0) z;(Ts) ... z:i((N—1)Ts)]T € CV denote
a finite vector of samples acquired from x;(t) and let x = Z;’zl x;. Set fi = FiTs and W; = M
Let W be the matriz defined in (14) for some given k;. Then
| JmiN-
Eflle - Pual ] < g > 3 A (21)
i=0 l;=h;
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where E[||z||3] = N.

Proof. See Appendix K.

The right hand side of (21) can be made small by choosing k; ~ 2NW; for each i € [J]; recall
Lemma 2.3. Aside from allowing for different band widths, the above result improves the upper bound
of [13, Theorem 4.4] by a factor of J.

Finally, the following result establishes a deterministic guarantee for the approximation of sampled
multiband signals using a multiband modulated DPSS dictionary with ~ N|W| atoms.

Corollary 3.12. Suppose z is a continuous-time signal with Fourier transform X(F') supported on

J—1
F = _90 [Fz - Bbandi /27 Fz + Bbandi /2]; i'ev
x(t) :/X(F)eﬂ"“dF.
F
Let © = [x(0) (Ts) ... (N — 1)T)]" € CV denote a finite vector of samples acquired from x(t)
with a sampling interval of Ts < 1/(2max{|F.+ %\}). Let Wi = Ts Byand; /2, fi = TsF; for alli € [J],

and W = ‘fgol[fi — Wi fi + Wil. Fizc € (0, f& — 1). Let ki = 2NWi(1 + ), Vi € [J] and let W be the
matriz defined in (14). Then

||z — Pgz||3 < (/ 1Z(f)? df) - Cho(W, )NO/2e=Cr(WaN (22)
w

for all N > N3 (W, €), where Nao(W,€), Ci0(W, €) and C11(W, €) are constants specified in Corollary 3.10.

Proof. See Appendix L.

Corollary 3.12 can be applied in various settings:

e The sequence z[n] encountered in most practical problems has finite energy. For example, if we
assume that [, |Z(f)|*df < 1, we conclude that || — Pgx|[3 < [W|Cio(W, €)N?/2e=Crr(W.eN,

e Moreover, in some practical problems, the finite-energy sequence z[n] may be approximately time-
limited to the index range n = 0, 1,..., N —1 such that for some 6, ||x||3 = ||Zn(x)||3 > (1-0)||z||3.
In this case, (22) guarantees that

le — Poa|3 _ [y [F())df
el = el

Cro(W, N/2e”n(TON <~ L 5C10(W, N/ 27OV (23)

where the last inequality follows from Parseval’s theorem that ||z||3 = S 12( DHIdf.

Along with the result proved in [13] that samples from a time-limited sequence which is
approximately bandlimited to the bands of interest can be well-approximated by the multiband
modulated DPSS dictionary, we conclude that the multiband modulated DPSS dictionary is useful for
most practical problems involving representing sampled multiband signals.

However, we point out that not all sampled multiband signals can be well-approximated by the
multiband modulated DPSS dictionary. To illustrate this, consider the simple case where W reduces
to a single band [—-W, W]. Recalling that the infinite-length DPSS’s are strictly bandlimited, it follows
that each of the DPSS vectors can be obtained by sampling and time-limiting some strictly bandlimited
analog signal. Nevertheless, for all [ > k, we will have

l 1
||3$V),W - ‘F)[SN,W]kSg\f),W||2

(1) I
N,wll2

|| =1 (24)

even when we choose k = 2NW (1 + ¢). In this case, the approximation guarantee in (24) is much worse
than what appears in (23). Such examples are pathological, however: the infinite sequence sg\l,),w has
energy ||s§\l,)w|\§ = ()\E\l]{w)_l, which according to Lemma 2.3 is exponentially large when
1> 2NW(1+¢€), and yet the energy of the sampled vector ||s§\l,)w|\§ is only 1. Moreover, the spectrum
of the infinite sequence sg\l,),w is entirely concentrated in the band [—W, W] while the spectrum of the

time-limited sequence TN(SS\Z,),W) is almost entirely contained outside the band [—W, W], and so on.
Based on probabilistic guarantees such as Theorem 3.11, we conclude that such pathological examples
are indeed relatively uncommon in practice. We refer to [13] for additional discussion of this topic.
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4 Conclusions

In this paper, we have provided a thorough analysis of the spectrum of a time- and multiband-limiting
operator in the discrete-time domain. We have showed that the information level of finite-length
multiband sample vectors is essentially equal to their time-frequency area, which also indicates the
number of dictionary atoms required in order to obtain a high-quality approximation. We have also
considered the angle between the subspaces spanned by the eigenfunctions of the time- and
multiband-limiting operator and by the multiband modulated DPSS dictionary. Our results show that
the multiband modulated DPSS dictionary is nearly optimal in terms of representing finite-length
vectors arising from sampling multiband analog signals.

We have showed that the multiband modulated DPSS dictionary can not only guarantee a very high
degree of approximation accuracy in an MSE sense for finite-length multiband sample vectors, but also
that it can guarantee such accuracy uniformly over all discrete-time sinusoids in the bands of interest.
Though we are not guaranteed such accuracy uniformly over all sampled multiband signals, we have
suggested that such accuracy holds for most practical problems involving multiband signals. Thus, our
work supports the growing evidence that multiband modulated DPSS dictionaries can be useful for
engineering applications.
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A Proof of Lemma 3.1

Proof. Let y € CV,y # 0 be an arbitrary vector. Then

(In(Bw(Ti(y ZIN (Bw(Zx (y)))[m]glm] = Z (Z_J /W ejQ"f(m_”)dfy[n]> glm]

n=0

I
g\

where g is the complex-conjugate of the vector y, >~ y[n]e 72"/ is the DTFT of Z (y), and the last
inequality is derived from the fact that compactly supported signals cannot have perfectly flat magnitude
response.

By Parsevel’s Theorem, we know f 12 | o ' y[n)e 727" 2df = ||y||3. Therefore

N-—1 ]
(T (B (i (), / S ylnle 2 2df < lyll3.
n=0

Thus, we have

0< min INBHT@NY) o0 En BT ).9)

< <1
yechN lyll3 T yec lyll3

for all I € [N].
By noting that ZyBwZy is equivalent to By w, we have

2

N-1
>\<l) = trace(Bn,w) = Z By wn,n| Z/ ej2"f0df =N|W|. O
l n=0 YW

Il
<}
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B Proof of Theorem 3.2

Proof. First we state a useful inequality about the Frobenius norm of positive semi-definite matrices.
Suppose X € CV*N and Y € CV*¥ are two arbitrary positive semi-definite matrices. Then

| X +Y|7 = trace((X +Y)¥ (X + Y))
= | X% + |V |} + 2trace(X"Y)
> | X[|E + 1Y%,

where the last inequality is derived from the fact that trace(X H Y') is nonnegative, which can be showed
as follows. By the hypothesis that X and Y are positive semi-definite matrices, we have the factorization
X7 =X = X1/2X1/2, where X'/? is also a positive semi-definite matrix.? Then we conclude that
trace(X7Y) = trace(X2X'Y?Y) = trace(X?Y X'/?) > 0, since X*/2Y X'/? is also a positive
semi-definite matrix.

We next bound the Frobenius norm of By ,w, by

1By, | = NeW)2+ >3 <Sin (ir(?l/(_n;)— n)))

m#n
N1 . 2

_ 2 B sin (2rW;n)
=4ANW; 42 nEZI (N —=n) (771_”

N-1 N1 2

2rWin sin (2rW;n)
= ANWZ +2N Y sin (27 Win) \* 2y 71
Wi + ( — n

n=1 n=1

n=N

N—
_ ANW? 12N <Wz o Z (sm (27 Win) > Z sm 27TVVZ ))
1
72

> ANW? + 2N (W- —oW? — ! / idx)
N7

71-2

=2NW; — =2~ — Zlog(N — 1),
i ™

. 2 ,
where the fourth line follows from Parseval’s theorem > >° (M) = ffvv;/ df = 2W;, which

™

™

indicates that > 7 , (M> =W; — 2W2.
Now applying the above results yields

J—1
|Bywle = 1Y By, Byw, Eft|[%
1=0
J—1
> ) _|IByw,|lF
=0
J—1
2 2N —1 2
> (QNWZ - - — — log(IV — 1))
— 2 _ 2
= N -1 ™

2 2N -1 2

where the second line follows since Ey¢, Bn,w; E;{ is positive semi-definite. Recalling the result stated in
Lemma 3.1 that Zl]igl )\g\l,),w = trace(Bn,w) = N|W|, we get

N—

,_

MY (1 =AY, = trace(Buw) — || B2 < J ( 2 QJZVV n %log(N - 1)) .

=0

4Note that X has the eigen-decomposition X = VDV H where V is an orthonormal matrix and D is a diagonal matrix
whose diagonal elements are non-negative, giving the square root X1/2 = VD/2yv H
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Thus, equation (15) follows by noting that for any ¢ € (0, %) one has

N—

»a

A (@ =20 > > A=A > e —)#{l:e <AV <1-¢). O

1=0 .
(AP <1-c}

C Proof of Theorem 3.3

Proof. A precise proof of a similar result for time- and band-limiting operators in the continuous domain
was first given in [28]. Izu and Lakey [25] extend the result to multiple intervals in the frequency domain
or time domain. Their work forms the foundation of the following analysis.

As we have noted, the two operators TnBwTn and ZnBwZy have the same elgenvalues ‘We work
with T Bw7n to prove Theorem 3.3. For convenience, we also use )\ N, W, ,\§§>W, . )\( D to denote the
decreasing eigenvalues for the operator Ta BwTn. We let S([N]) denote the subspace of all finite-energy

sequences supported only on the index set [N], that is

S(IN]) ={y : y € £2(Z), Tn (y) = v}

First, for all integers [ € [N], the Weyl-Courant minimax representation of the eigenvalues can be
stated as

(T (Bw (T (y))),y>

(y,y)
. T (Bw (T3
maxs,, , Milyes,(2).yes s %7

mins, max,es((N)),y L5, W’
w (25)
v,y )

. Jw 18P df
- mins; MaXyes([N]),yLS; . Mvliz

S 15(F) 12 df
Ml13

AW _{ mins, MaXyer, (z),yLS;
N,W

maxg;  , MiyeS([N]),y€S;4+1

maxs; ,, Miyes([N]),yeS;+1 )

where S; is an [-dimensional subspace of £2(Z), and y(f) is the DTFT of the sequence y. Noting that all
the eigenvectors of Ty BwTn belong to S([N]), we restrict to y € S([N]) in the second line.

Lemma C.1. Consider the bandlimited sequence g € ¢2(Z) whose DTFT is given by

ey \/ﬁcos(wa)e_jQ"“%J, 171 < 5%, 2
70 ={ i << >

Then ||g||3 = 1 and g[n] > \/7 for allm € [N].

1
Proof (of Lemma C.1). First it is easy to check that ||g|[3 = /2
inverse DTFT directly yields

|9(f)|?df = 1. Then computing the

Nl

1 (n=1F) 1 1 -3
n| = sinc - |+ sinc —|— = -
gin] V2N ( N 2 V2N N 2
Let &(t) = sinc(t — 3) + sinc(t + 1). Taking the directive of £(¢), we would find on [—1, 1] that &(t)
ﬂ
achieves its minimum value of 1 at the points ¢ = 3. Therefore, g[n] > 2= since |~ 2 l| < 1 for all

n €[N]. O

C.1 Upper bound
From equation (25), we know that
d
/\S\l,)w = min ax M
: st ves(NDwis [yl

Therefore, in order to bound the eigenvalues from above, it suffices to pick an appropriate [-dimensional
subspace S; C £2(Z) and then find a uniform upper bound for the quantity above for all time-limited
sequences y € S([N]) orthogonal to S;.
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Consider the bandlimited sequence g € £2(Z) defined in (26). Let &, : £2(Z) — £2(Z) denote a
modulating operator with £y, (y)[n] := e’>™/0"y[n] for all n € Z and fo € [—31, 1]. Set
N N—-1, 7 1 7 1
Li={n"e€Z:—-|=]<n Sl (F-swNTan
p=twen S w < M L Ly aw )
and hence ¢y = #L4. Let S, be the 1y -dimensional subspace of £2(Z) spanned by the functions
E,.g,m' € Ly, that is,
N

S,, :=span ({S%g}n/6L+) .

If the time-limited sequence y € S([IV]) is orthogonal to S,, , then

Ly

/

0= tnéga) = .30~ 3 = (7+3) () = i) o' € Lo,

where g := ¢* is the complex-conjugate of the sequence g and E is the DTFT of g.
Now it follows that

(2L

o gl

D gyl

n=— ¥ neLg
n’J]er/z ,
_ FOE — Pafl?
= D> 1., iHay - Nl
n/€L$ N
n’J]rvl/z (27)
2 ~ 2
<> (ol [, ), wrdr
n'eLg N

~ 2d
< /f i
— |lyl2 /f _ ey,

where LY is defined as LY = {n' € Z : —| 5| < n' < [¥], n' ¢ L.}, the second line holds

2
because g is bandlimited to [— 2;,, 5 N] the third line follows from the Cauchy-Schwarz mequahty, and

the fourth line holds because ||g|lz = 1 and by construction, the set Unrer, [WI — ﬁ, 7 4 55| covers

the intervals W completely. On the other hand, let y ® g denote the pointwise product between y and
g, that is (y ©® g)[n] = y[n|g[n]. Note that y ® g has the same support in time as y, namely [N], and
{\/—%ei, —&] < n' < |®FL]} forms an orthobasis (normalized DFT basis) for CV. We can rewrite
N
gy[n'] = e, (yo g), which can be viewed as the DFT of y ©® g. Therefore, using Parseval’s theorem, we
~
acquire

N—-1
L3

a1
> e 1P =Nllyogls > Syl

n=—| ¥

since by hypothesis, g[n] > \/7 for all n € [N]. Now, combining the above lower bound on the energy
of the sequence g, and the upper bound in (27), we observe that

1 ~
2119l < [lyll3 - / TR
few

and therefore,

ww = IIsz =3

C.2 Lower bound

In the other direction, consider the minimax representation

d
AD = max Ju [P df
: Sit1 y€S(ND),YESI11 [lyl|2

17



In order to find a lower bound for the eigenvalues, it suffices to pick an appropriate (I + 1)-dimensional
subspace Si+1 C £2(Z) and then find a uniform lower bound for the quantity above for all time-limited
sequences y € S([N]) inside Si41. With g as defined in (26), let the time-limited sequence h € ¢2([N])
be such that h{n] = 1/g[n] for all n € [N]. We set

Lo={nez:—|]<n'<|

N-1 n 1 n 1
1, (ﬁ_ﬁ’ﬁ—i_ﬁ)cw}’

and hence «— = #L_. Let S,_ be the ¢«—-dimensional subspace of ¢2(Z) spanned by the functions
E. h,n' € L_, that is,
N

S,_ :=span ({5ih}n/eL7) .
N
Suppose y € S, (and hence y € ¢2([N])). Then we may write
Yy = Z bn/EL/h
n’€L_ N

for some coefficients b,,,. Moreover,
yog= E b€ .
N

n'el_
Noting that {\/Lﬁell7 —1 &) <n/ <[]} forms an orthobasis for CV, we obtain
N
N-1 e 1
Y bwl*=Nllyogli=N)_ lynloghl* =5 > Wkl = 5l
n’'e€Ll_ n=0 n=0

since by definition, g[n| > \/;W for all n € [N]. On the other hand,

N-1 ,
b = 3 glnlylnle V" = (4. £ ).
n=0 N
Now using the same procedure as in (27), one has

S bl = 3 o)l

n’€L_ n'€l _
nU]rv1/2 ,
_ ~n=n 2
= > 1 [, TG - D
n’eLl_ N
n'+1/2
N ~
<> (el [, ), wory
n'€L _ - N

< /f P

where the last line holds since by construction, the set U,/¢r, [%/ - ﬁ, %/ + ﬁ] is a subset of the intervals

W. Altogether, we then conclude that for any y € S, (and hence y € S([N])),

Lie < 7(HIPd
i< [ wora

And hence o
Sy [P

0
lyll3

Ao >

>1
-2

18



D Proof of Theorem 3.4

D.1 Proof of eigenvalues that cluster near zero
Proof. Since By,w = Y., Es, Bn,w, Ej’, according to [24] (see pp. 181), the following holds

J—
%>W_Z

i—0

for all I; € [N], i€ [J]and I = 377 ' 1; € [N].
Fix e € (0, le —1). For each i € [J], let Ni(W;, €), C5(W;, €) and C4(W;, €) be the constants specified
in Lemma 2.3 with respect to W; and e. If we let N1(W,¢) = max {N;(W;,¢), Vi € [J]}, then we have

ANy, < Cs(Wi,e)e” P VoIN 'y 1 > [aNWi(1 + €)],i € [J]

for all N > N1(W,¢). Hence, by choosing I; > [2NW;(1 +¢€)], V i € [J], we have

J-1 _
)\g\l,)’w < Z Cs (W3, e)eic“(Wi’E)N < C3(W, e)eic“(W’E)N,

=0

for all N > Ni(W,e) and I > >°.[2NW;(1 + €)],where C3(W,¢) = Jmax{C5(W;,¢), Vi € [J]} and
C4(W,e) = min {Cs(W;,e), Vie[J]}. O

D.2 e-pseudo eigenvalue and eigenvectors

Definition D.1. (e-pseudo eigenvalue and eigenvector [34]) Let X € CV*N be any matriz and u € CV
be any vector with unit la-norm. Given ¢ > 0, the number A € C and vector u € CV are an e-pseudo
etgenpair of X if the following condition is satisfied:

(X = ADul3 < e

Lemma D.2. Suppose W is a fized finite union of J pairwise disjoint intervals as defined in (5). Fix

€ (0,1). For eachi € [J], let No(W;,€) be the constant specified in Lemma 2.8 with respect to W; and e
and let No(W, €) = max {No(W;,€), Vi € [J]}. Then for alll; <2NW;(1—¢),i € [J] and N > No(W,¢),
(Ag\l,lz,vz, Ef13§\lf1€/‘/1) is an e-pseudo eigenpair of InBwZly with e < 2C1(W;, e)efcz(wi’ew, or in detail
T (B (T (B, w,))) = Aiaw, Br sy, + o,

where o' = Tn (B (s, w, 1, 4w (Tx (Er,8\ 1y,)) and [[of'”|[3 < 2C1(Wy, e)e™ > WoIN . Here W \

[fi = Wi, fi + Wil = U [fir — W, for + Wy] means the set difference between W and [fi — Wi, fi + W3],
i i

and C1(Wi,€) and C2(W;, €) are the constants specified in Lemma 2.3 corresponding to W; and € for all

ie[J].

Proof (of Lemma D.2). According to the definition of the operator ZnBwZy,
(Zn (B (T3 (B1,8800,))) ) [m]

N—-1J— .
Z Z j27 fir (m—mn) Sln(Qﬂ-Wi’ (m — n)) ej?ﬂfins(li) [T'L}

ﬂ(mfn) NW
N— J—1 .
—erzhmylo gl j2r £,y (m—n) SIN2TWir (M = n)) jorfin W,
i2mw fimoy (1 (13) * l;
=2 SN, ] + <BW\fL wo o w) (Tn (B, 830,))) [ml.
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In what follows, we will bound the energy of ol(-li) = IN(Bw\[f,—w,;, fi+W:] (I;](Eflsg\l;%/%))) as

l; * i
||Oz( )||g = ||IN(BW\[fi*Wiqfi+Wi](IN(Efisg\f,z/Vi)))”g

* l;
< 1Bun(f,—wi. o+ wi) (T (B 8§ )3

* l;
< ||B[7 1 1]\[fi—W,i,fi+Wi](IN(Efz‘ ng)wl))Hg

22
= 188w |13 = 11Bis,-w, gt wa (Tn (B sSw))II3

< |lsidv, 13 = NZn (Brg—wi gy wil (TN (B s, D)1

<1—(AG,)? 1= (1= CL(Wi,e)e” >INy

=201 (Wi, e)e” W0 IN (1 (Wi, e)e” 2 0IN)2 < 20y (W, e)e™ 2 (WiON

for all I; < [2NWi(1—¢)],i € [J] and N > No(W, ¢). Here the second inequality in the sixth line follows
simply from Lemma 2.3 since No(W,€) > No(Wj,e). O

Using this result, we now show the first ~ N|W| eigenvalues of ZnBwZy are close to 1.

D.3 Proof of eigenvalues that cluster near one

The main idea is to guarantee that the sum of the first ~ N |W| eigenvalues is sufficiently close N|W|.
Then we conclude that the first ~ N|W| eigenvalues cluster near one by applying the fact that the
eigenvalues are upper bounded by 1. First we state the following useful results.

Lemma D.3. (/18] Lemma 5.1) Fiz e € (0,1). Let k; = |2NW;(1 —€)], V i € [J], and let ¥ be the
dictionary as defined in (14). Then for any pair of distinct columns 11 and 2 in ¥, we have

— ~ Co(W,e)
(41, 9p2)| < 3¢/Cr(W, )™ 2 ¥ (28)
— Co(W,e)N
<1+3N W,e)e™ 2
| S L3N/ Ci(W, e

if N > No(W, ), where  C1(W,€) = max {C1(Wj,¢), Vi€ [J]} and
Co(W, €) = min {C2(Wi,€), Vi € [J]}. Here |7 W||, is the spectral norm (or largest singular value) of
vy,

Lemma D.4. ([2{]) Let X € CV*¥ be a Hermitian matriz, and let Mo(X), M\ (X), ..., An—1(X) be its
eigenvalues arranged in decreasing order. Then,

M(X)+M(X)+ ...+ A1 (X) = max trace(U” XU),
UeCNxr UHU=I,

and
H\IIH\II

where I, is the r X r identity matriz with 1 <r < N.

Based on this result, we propose the following generalized result concerning the sum of the first r
eigenvalues.

Lemma D.5. Let X € CV*Y be a positive-semidefinite (PSD) matriz, and let
Ao(X), M (X), ..., An=1(X) be its eigenvalues arranged in decreasing order. Then, for any matriz
M e CN*" 1 <r < N, the following inequality holds

Mo(X)+ A (X)+ ...+ A1 (X) > trace(MT X M) /| M7 M||,.

Proof (of Lemma D.5). Let oo(M),...,0.—1(M) denote the decreasing singular values of the matrix
M. Denote M = U,3,V,E as the truncated SVD of M, where X, is an r x r diagonal matrix with
oo(M),...,o0r—1(M) along its diagonal.

Now applying Lemma D.4, we obtain

r—1
> (X)) > trace(U XU,
=0

> trace(E, U XU, %,)/(00(M))*
= trace(V, 2, U XU, =, V") /| M7 M|,
= trace(M" X M) /| M" M|,
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where the first line follows directly from Lemma D.4, the second line is obtained because U XU, is
PSD and hence its main diagonal elements are non-negative, and the third line follows because V; is an
orthobasis and (o0(M))? = | M7 M]|.. O

We are now ready to prove the main part. Fix e € (0,1). Let k; = [2NW;(1 —€)], Vi € [J], and let
W be the dictionary as defined in (14). We have

L 2N W (1—0)|
3 2D, > trace (‘IJHBN,W‘I:) / H\IIH\IIHZ
=0

J—1[2NW;(1—¢€)]

(Bs,s3h,) "I (B (T (B, s ) | /|97

(
((

.S
() H () D) () H
fLSNW (/\NWEfLSNW +o; ) /||erw

2

<
L
©
z
F

E
(1—€)]
li)

Y

1o 1) ) o]
v, = o 2) | / )

(

.

=0 ;=0

- . B . C (W ,€)
(S SO (1= o (Wi, e BN - B Or (W e 3TN ))
<1+3N GI(W,e)e*w>

- ~ = Co (W, e)
(Z D (1 — Ci(W, e "IN — /3, /Gy (W, >7N>>

Z ~
(1 + 3N/ CL (W, e)e*M)

Co(W,e)
—25EN

o A+ SH[2NWi(1 = €] = 3NCs (W, e)e”

- Co(W,e)N
2

1+ 3NC5(W,e)e”

,5'2<W16)N _ Co(W,e)N
J+ 3 [2NWi(1 —€)] —3NCs5(W,e)e™ 2 1—-3NCs5(W,e)e™ =

(1 +3NC5(W, e)e™ 702(“5")N> (1 — 3NCs(W, @gw)

o l.( 2
T+ 2NWi(l — €)] — 6N2C5(W, e)e 252N 4 (3NC5 (W, )™ 257 )N>
>
cz(w N
— (3NC5(W, €e” )
Co (W,e)
> J+ Y [2NWi(l - )] — 6N*C5(W,e)e” 2 ¥

for all N > max{No(W,e¢), N’ (W, )}, where N'(W, ¢) = max{( T W, €))27 02(W oo 108(3C5(W, €))} is the

2(

constant such that 3NCs(W, e)e™ capat < 1 for all N > N'(W,¢).”> Here the first line follows directly
from Lemma D.5, the second line follows because trace (¥# Byw®) = trace (3.7 ¥ By w®;) and
By ,w is equivalent to ZyBwZy, the third line follows from Lemma D.2, the fourth line follows from the
Cauchy-Schwarz inequality which indicates that |(Ey, sy}, )7 o' < HEfls“ S ll2ll0f ]2 = [of]]2,

the fifth line follows from Lemmas 2.3, D.2 and D.3, the seventh line follows by setting C5(W,e) =

max{C1 (W, ¢),1/C1 (W, €)}, the ninth line follows because J + > [2NW (1 —¢€)] < N, and the last line

Co(W,e)N
2

follows because by assumption 3NC5 (W, e)e™

N Négw,e)
5This can be verified as 3NC5(W, €)e™ = 3C5(W, e)e N ) < 3C5(W,e)e 7 <1 forall N

max{( log(3C5(W,€))}. Here the first inequality follows because I%TN < N11/2 < % for all N

Co(W,e)N 02(w €) logN
2

4 )2 4
Ca(W,e)/ 7 C2(W,e)
4 2
(Cz(W,f)) ’
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By noting that 0 < )\(N D < )\(0) < 1 from Lemma 3.1, we acquire

TS, [2NW; (1-6) TS [2NW; (1-6)
l 4 v
Mw = > Mo | - > AN
1’=0 1/=0,l' #1
J71+Zi [2NW; (1—¢€)]
> el | - (J—l—f—ZLQNWi(l—e)J)
’'=0 7
Co (W, e)
>1-6N2C5(W,e)e” 2 N

foralll < J—1+3.|2NW;(1—¢)], where the second line follows by setting )\N W U #1to 1. Fix W and
Co(W,e) N
2

e. It is always possible to find a constant N’ such that 3NCs (W, e)e™ < 1 for all N > N’. Now,
for convenience, we set C'1(W, ¢) = 6C5(W, ), C2(W,¢) = %, and No(W, €) = max{No(W,¢), N'}.
This completes the proof of Theorem 3.4. [

E Proof of Theorem 3.6

Proof. First denote the eigen-decomposition of By w as
Byw = UN,WAN,WU]I\?,W7

where Anyw is an N X N diagonal matrix whose diagonal elements are the eigenvalues

A(O) )\5\7&1)

NS Ag&?w, cey and Un,w is a square (N x N) matrix defined by

0 N-1
UNW [ug\,)w u( )W 'U,EVVW )].

s

Also let a = UN w be the coefficients of v represented by Un w.
Fix € € (0, mm{l, il — 1}). Suppose 9 is a column of ¥; for some particular ¢ € [J]. Now from
Lemma D.2, we have
B = i+ ol
for some I; < |[2NW;(1 —¢€)].
Plugging the eigen-decomposition of the matrix Uy w into the above equation, we require

ANWa—)\(Z) a—&—o(“

where Byi) =U¥# Wo . The elementary form of the above equation is
m L) l;
A yalm] = Ay, alm] + 6 [m]

for all m € [N].
Now we have

2
N-1 N-1 6 [m ]’
| — Posp|l5 = la[m]|* = 3 L
m=3;[2NW;(1+€)] m=%; [2NW;(1+€)] . w; ~ AN ‘
(li)[m]‘2
B ~ — — 2
(1 - (W, E)efcz(W’QN — C3(W, 6)6*04(W,6)N) (29)
li
< [lof"]I?
a ~ 5 — — 2
(1 — C1(W,e)e=C2(W.oN — C3(W, 6)6—04(W,6)N)
< 20, (W, E)efag(W,e)N

~ 5 — — 2
(1 — C1(W, e)e=C2(WON — C3(W, 6)6_04(Wa€)N)

for all N > max{No(W,¢), N1(W, ¢)}, where the second line follows by bounding the )\g\lf %/V'i term using 1—
C1L (Wi, €)e=“2Wis N (which is not less than 1 — Cy (W, €)e~ 29N from Lemma 2.3 and bounding the

22



—Co(W;,e)N <

)\%R&, terms using Theorem 3.4, and the fourth line follows because ||o£li)||2 < 2C (Wi, e)e
2C, (W, e)eC2(W.aN,
The following general result will help in extending (29) to an angle between the subspaces.

Lemma E.1. Let Sy and Sy be the subspaces spanned by the columns of the matrices U € CN*4 gnd
V € CV*", respectively. Here r < ¢ < N. Suppose each column of V' is normalized so that ||vi]|s = 1
and is close to Su such that for some 61, ||v; — PleHg < b1 for alll € [r]. Furthermore, suppose the
columns of V' are approzimately orthogonal to each other such that for some 82, |{(vi,vi)| < 2 for all
k # 1. Then we have

1—-46, — (52 +0 )
>
cos(Osy sy ) = \/ T NG,

Proof (of Lemma E.1). Any v € Sy can be written as a linear combination of v; in the form v = Zz ;.
We first bound the I3 norm of v by

r—1
ol = 1 el
*Z|al| H”l||2+z Z (auvr, akvk)

1=0 k=0, k1
<SS S s
1=0 k=0, k1
= " \az| —|—|ak|
<Z|al| +Z >
1=0 k=0, k1

= (Ti|0112) 1+ (r—1)5) < <ZO¢1| > (1+ Né2),

where the third line follows from the hypothesis that |(vk,v;)| < d2 for all k # I. Similarly,

r—1

[Povl3 = > Pu ()|l
=0

—Z|Oél\ HPUUlH2+Z Z (o Py vy, o Pyoy)

1=0 k=0,k#l
= Z |eu|*|| Poon3 + Z Z (auvr, a (v — (ve — Puvk)))
1=0 k=0,k#l
S P05 Y fala (62 + V1)
1=0 1=0 k=0,k#l

_ <:Z§0<l|2> (1-61- -1 (82 +va)) > <ZZ:al|2> (1=a -~ (6:+va)),

where the fourth line follows because (v;, vy — Puvy) < ||vill2]|ve — Puvkll2 < V61 and (v, v1)| < 62
for all k # 1.
Therefore, for any non-zero vector v € Sy we have

[Pyvllf (1 =6 —N (52+\F)
(K2 S— 1+ N2

Finally, (17) follows from Lemma E.1 by replacing U with ® and V with ¥, and assigning §; with
the upper bound in (29) and §; with the upper bound in (28). O
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F Proof of Theorem 3.7

Proof. For each i € [J], define ¥; = [Ef, Sn,w,/Anw;]k; for some given k; € {1,2,...,N}. We
construct the scaled multiband modulated DPSS matrix ¥ by®
W = [@0 il e @Jfl]. (30)

a) H

The main idea is to bound HP\pu WH using H‘I’ g Uy . In order to use this argument, we first
2

give out some useful results.

Lemma F.1. Suppose W is the matriz defined in (30) with some given k; € {1,2,...,N},Vi € [J]. Then

e, <1.

Proof (of Lemma F.1) Let y € CV. Then

- J—1k;—1
| [, Bro/ A, shiaw, )
=0 ;=0
J—1k;—1
l; l; l; l;

=30 W B A 88 W E A A s )

=0 ;=0

J—1k;—1

l l 1

=N Y By AV (S ) T Efy

i=0 1;=0

J—1N-1
<SS Y By s A (85 ) T Ef Y

i=0 1;=0

J—1 J—1
="y E,In(Bw, (IN(Efy)) = > (In(Bw, (ZX(Ef'y))), Efly)

=0 =0

J—1 J—1 J—1
= Z<Bw (Ix (Ef ), Ix (Efy)) = > (Bw,(IN(Efy)), Bw, (Ix (Ef ) = > ||Bw, (Zx (Ef v))|5

i=0 =0
fi+W; /2 [J-1 5
=Z / e - / S 1 wwo (F) | 1500 P4r,
=0
B H (1) (1) (ll) HypH,, _ (1) ;) \H pH, |2
wherethefourthhnefollowsbecausey Eg sy'w, AN w, (snw,) " By = W/ AN w, (8n'w,)” Efylla >0,

the fifth line follows because Z g\l,%/v /\g\l,%/v (sy (L ) )Ha: = In(Bw,(Zx(x))), and we use y(f) =
SN y[nle 92 as the DTFT of IN( ) in the last three equations.

Noting that Zj;ol Lis,—wiwits)(f) < 1 forall f € [—3, 3] since we assume there is no overlap
between each interval [f; — Wi, W; + f;), we conclude

1 2
—H
® y||%s/ G P = |ly]2
71
and -
Pl <1. O

Lemma F.2. For any k; € {1,2,...,N},i € [J], let ¥ and ¥ be the matrices defined in (14) and (30)
respectively. Then for any y € CN*1,

= —H
|Peyll > [[€ ¥ yll2. (31)

6Hogan and Lakey [23] considered the scaled and shifted Prolate Spheroidal Wave Fuctions (PSWF’s) and provided conditions
on a shift parameter such that the scaled and shifted PSWEF’s form a frame or a Riesz basis for the Paley-Wiener space.
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Proof (of Lemma F.2) Let ¥ = UgSg V4 be a reduced SVD of ¥, where both Ug and Vg are
orthonormal matrices of the proper dimension, and ¥ is a diagonal matrix whose diagonal elements
are the non-zero singular values of ¥. We have

= —H
1 Tyl = [|[UgEGUg 2

< [[Ugyll2

= [|[UgUgyll2

= |[Peyll2
where the second lines follows because ||¥||2 < 1 and hence the diagonal elements 3 are bounded above
by 1, and the fourth line follows because each column in ¥ is in also ¥ and hence || Pgy||2 = || Pugyll-
g

Now we turn to prove Theorem 3.7. By (31), we observe that

1 —H l
1Peu)yll2 > ([ 7wyl

J—1k;—1
—IS° % Brsli AL (88 T BT u s
=0 ;=0
J—1 N—1
= 1By wully — >0 > EpsGiy A (58 ) T Eful)y 2
i=0 l;=k;
J—1 N—1
> |IBywulyll = S0 S 1B 58 A8 (89 ) T B ul)y Iz
i=0 1;=k;
J—1 N—1
> )‘g\lf),w - Z Z )‘S\l]tz’Vl
i=0 1;=k;

G Proof of Corollary 3.8

Proof. It follows from Theorem 3.7 that

J—1 N—-1

l l 1
1Peuldylle > A0 = >0 ST Ay,

_ J—1 N-1
>1—C1(W,e)N2e C2(WON _ Z Z C3(Wi, e)e” CaWiN
€

i=0 l;—k
- JoIN-1 B

>1-— 61(W, E)N2€7CQ(W'6)N _ Z jéB(W’ )6704<W,6>N
01—k

i

1= i

> 1 C1(W,e)N2e~ 2N _ NCy(W, )TN

for all N > max{No(W,¢), N1(W,¢)}, where the second line follows by bounding the )\g\l,),w term using
Theorem 3.4 and by bounding the )\S\Z;)W terms using Lemma 2.3, and the third line follows because
C3(W,e) = Jmax {C5(W;,€), Vi€ [J]} and Ca(W,€) = min {Cs(W;, €), Vi € [J]}.

Let k2(N,W,e) = C1(W,e)N2e= 2N 1 NCO3(W, e)e 49N Then [July, — Peulyl <

2k2(N, W, €) — k3(N, W, ). Noting also that (ul)y, ultsy) = 0 for all k # I, (18) follows directly from
Lemma E.1. O

H DTFT of DPSS vectors

The results presented in this appendix are useful in Appendix I, where we analyze the performance of
the DPSS vectors for representing sampled pure tones inside the band of interest. Let §<Al,)W( f) denote

the DTFT of the sequence TN(SE\ZJ)W) ie. ?J\l,)w(f) =y sg\l,)w[n}efj%f". Figure 1 shows §(Jf,)w(f)
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Figure 1: Illustration of )é{l\l,) w(f )’ , or the energy in {es} captured by each DPSS vector. The horizontal axis stands

for the digital frequency f, which ranges over [—%, %], while the vertical axis stands for the index | € [N]. The l-th
2

horizontal line shows 10log,, ‘gg\l,)w(f)‘ . Here N = 1024 and W = 1.

for all I € [N] with N = 1024 and W = ;. We observe that the first ~ 2NW DPSS vectors have

their spectrum mostly concentrated in [—W, W], only a small fraction of DPSS vectors whose indices
are near 2NW have a relatively flat spectrum over [—%, %], and the remaining DPSS vectors have their
spectrum mostly concentrated outside of the band [—-W, W]. This phenomenon is captured formally in

the asymptotic expressions for )\S\l,)’w and sy,w(f) from [37].
Lemma H.1. (/37]) Fiz W € (0,3) and € € (0,1). Let o :=1—A=1—cos2nW.
1. For fized I, as N — oo, we have

1= 20w ~ &/ (2v2a)

and

0 (f) ~ cafa(f), W <|f| < arccos(A— N—%/2)/2x,
Nw esfs(f), arccos(A— N73/2)/2x < |f] < 1/2.

Here
5 = (“)71/27T1/42(14l+15)/8a(2l+3)/8N(2l+1)/4(\/5+ \/a)fN(Q _ a)(N—l71/2)/2
l!)—1/27r1/42(14z+15)/8a(2z+3)/sN(21+1)/4(2 -~ a)_(l+1/2)/2e_%N,
5 = 7r1/22_1/2a_1/4[2 _ a]_1/4N1/2C5 _ O(N1/2)05,
2¢/a

v =log(l + o \/&)’
10) = (oA cos @) )
I5(f) = cos (5 arcsin (0(f)) + (1 + 1) arcsin (¢(f)) + (I — N)T + 2F)
((A — cos (21 f))(1 — cos (2 f)))"/* ’
o(f) = 2T 200 Cnf) (2 - 3a) — (2 + ) cos (27f)

- )= (2—a)(l —cos(2rf))
where Jo is the Bessel function of the first kind.
2. As N = oo and with 1 = [2NW (1 —¢€')] for any € € (0, €], we have

1= Ay ~2nLy ' dg
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and

o () ~ dags(f), W <|f| < arccos(A — N7')/2m,
Nw degs(f), arccos(A— N"1)/2n <|f] <1/2.

Here

_(Lg) 1/2.1/291/2,~CLa /4 ,~NLs/2

_ LQ) 1/ ( ) 1/4 —C'L4/4 —NL3/2N1/2

( cos(27rf) ) ,
1/2 — cos 1/2 dt
9o(F) = ) cos <7rN/ \/ — cos( V/(B — cos(27t)) (A — cos(27t)) * 9) ’

R(f) = |(B — cos(2nf)) (A — cos(2m f))|~*/* 0_72 mod (%L1+(2+(—1)l)5,2w>,

4
T N C
0= mod (Z — 5[/5 — ZL()727T) 5

)

1 1 B 5 B
L= /B P(€)dE, Lo = /B Q(e)de, Ly = /A P(€)dE, Ly — /A Q)ds, Ls= [ P, Lo = La,

¢-B 1/2 o (—1/2
PE)=|—S"2 —l(e=B)(t—A)(1 -
(€) ‘(&A)(kg) RO =[E-B)E-AH-) 7,
where B is determined so that f;, (s—xf;TB—ﬁ)dg = %W and mod (y, 2m) returns the remainder

after division of y by 2.

I Proof of Theorem 3.9

Noting that Sn,w forms an orthobasis for (CNXN, the main idea is to show that the DPSS vectors

<2NW(1+6)),s%lsz(pre”l),...,sg\,]\j;vl) have their spectrum most concentrated outside of the band
(W, W].

Since the sequence s(l>

is exactly bandlimited to the frequency range |f| < W, we know that its

DTFT §§\lj)w(f) = Z;’o__oo sgf,)w[n]ejz’ff" vanishes for all W < |f| < 1. By noting that the first ~ 2NW
DPSS’s are also approxlmately time-limited to the index range n =0,1,..., N — 1, we may expect that
%J\l,)w(f) =y s(l) wn]e?*™ ™ is also approximately 0 for all W < |f| < & and | < 2NW (1 —¢). This
illustrates mformally Why the DTFT of the first ~ 2INW DPSS vectors is concentrated inside the band
[-W, W]. By employing the antisymmetric property [37] which states that |sN wHl= |~§\ivliu£>( =Dl

(N—-1)

@NW(i+e) sﬁvaquE)H), 8y are almost orthogonal to

we then have that the DPSS vectors sy 'y,
any sinusoid with frequency inside the band [—W, W].

Recall that E%)W(f) is the DTFT of the sequence Ty (sg\? ), ie. éjé)w(f) =y o sg\l,)w[n]efﬂ"f”.
We have

(s er) = 8w (1),

for all | € [N]. As we have observed in Figure 1, the spectrum of the first = 2NW DPSS vectors is
approximately concentrated on the frequency interval [—W, W]. This behavior is captured formally in
the following results.

Corollary I.1. Let A = cos2rW. For fized W € (0,3) and e € (0, min(5

s — 1,1)), there exists a
constant Cs(W, €) (which may depend on W and €) such that

Co (W, e)
800 ()] < Co(W, ) N*/He™ 2N W < |f| <1/2

for all N > No(W,e) andl < 2NW (1 —¢€). Here C2(W,€) and No(N,€) are constants specified in Lemma
2.5.
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Proof (of Corollary I.1).
The main approach is to bound s(D w(f), W < |f] £ 1/2 with the expressions presented in
Lemma H.1. Suppose € € (0, 1) is fixed.

1. For fixed [ and large N:

In order to quantify the decay rate of \sN w (f)];, we exploit some results concerning of f4(f) from [32]
and f5(f) as follows:
|Jo(z)] <1, V>0, (32)

T s(A—N—3/2 3
and for any % < |f] £1/2, one may verify that

1
s <
[fs() < ((A — cos (2 f))(1 — cos (21 f)))*/*
- 1
T (A= (A= N=2) (1- (A= N

1

< — = N4,
((N=3/2))(N=3/2)))"/

where the last line follows because 1 — A > 0.

Recall that ¢z = 7/227 120~ Y4 (2 — a)"Y* N'/%¢5 and ¢5 ~ \/2\/2o¢ (1 — Ww)- Plugging these

into Lemma H.1 and utilizing Lemma 2.3, we get the exponential decay of |sN w(OL Il > W as

Cr (W, e)N1/2e*%N7 W < |f| < arccos (A - N73/2) /27,

|%1\l’)W(f)| < / 3/4 — 2N —3/2
Ci(W,e)N°/"e™ 2, arccos(A—N / )/27r§\f|§1/2,
for fixed I and N > ]VO(VV7 €). Here C4(W,e) = ='/22Y4(2—a)" V4 /Ci(W,e),
CL(W,€) = (2v/2aC1 (W, €))Y/2, and No(W,e€), C1(W,€) and Co(W,€) are constants as specified in
Lemma 2.3.

2. For large N and [ = [2NW (1 —€)], V €' € (0,€]:

Note that f; %df is a decreasing function of B and f; /mdﬁ 2Wr > L.

Hence 1 > B > A. Now we have

1 1 1/2
(A — cos(2m f))*/? = (A—(A— N-1)1/? <N

|96 (S < [R(F)] <

for all arccos(A — N™1)/2n < |f] < 1/2.

1)
17>\N,W
27

Recall that |g5(f)] <= 1 from (32), ds = 7/2(1 — A?)"Y427Y2NY2(s and dg ~

Plugging these into Lemma H.1 and utilizing the bound on )\g\l,)’W in Lemma 2.3, we get the
exponential decay of |§S\I,)W(f)|7 |f| > W as

|§§\lr)w(f)| < c7 (W, E)Nl/Qef%N, W < |f| < arccos[A — N7']/2x,
T | C¥(W,e)NV2emF N arccos[A — N7 /2m < |f] < 1/2,

for all | = [2NW(1 —¢€)], V€ € (0,¢] and N > No(W,¢). Here Cg(W,e) = /C1(W,¢)/2m,

CH(W,e) = 2711 — A%)~Y4 /C (W, €), and No(W,e), C1(W,e) and Co(W,€) are constants as
specified in Lemma 2.3.

Set

1/4
Co(WW,€) = maxx {CH(W,0), CL(W. ), C¥ (W, ), C(W,0)} = max {wm (32) 2a- A%“}

This completes the proof of Corollary I.1. O
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Lemma 1.2. ([37]) For fivzed W € (0, 3) and € € (

2 0, 57 — 1), :9{1\11),W(f) and -S(N2 ! Vé)(f) satisfy

~(1 N—-1-—-1 1
B (Nl = 5311 (G = D

for alll > 2NW (1 +¢).

Now we can conclude that (ey, s%{w> decays exponentially in N for all [ > 2NW (1+¢) and |f| < W
by combining the above results.
Corollary 1.3. Fiz W € (0,1) and e € (0, 53 —1). Let W' = 3 — W and ¢ = %—c. Then

Y QW 2 %—W

Co (W', e
(eg. 88w = 180w (N < Co(W', )N e =2 v < W
for all N > No(W',€') and alll > 2NW (1 +€). Here, Co(W',€') and No(W',€') are constants specified

in Lemma 2.3 with respect to W' and €, and Cs(W',€') is the constant specified in Corollary 1.1 with
respect to W' and €.

Proof of Corollary 1.3. Let ' = N — 1 — 1. For all l > 2NW(1 + ¢), we have

W
-w

l’:Nflfl§N72NW(1+e):2N(%fW)(1f €).

=

Let W =4 —W and ¢ = ;KVWG € (0,1). It follows from from Corollary 1.1 and Lemma 1.2 that
2

Co(W

_ IYE/)
es, s\l =(es g s )| < Co(W', )N 4em 5N v || <w

for all N > No(W',¢'). O

Recall that Cg(W',€’') = max {71'1/2 (%)1/4,2_1(1 — AQ)_1/4} VC1(W',€") with A = cos(2rW) and
a =1—A. As W gets closer to 0 or 3, the variable (1 — A%)7Y4 becomes larger, and we have

(1—A%)~Y* 5 1/v/27W as W — 0. Also we have (%)1/4 — 1/V/7W as W — 0. Therefore, for any
non-negligible bandwidth which is the main assumption in this paper, the variable

max{ 1/2 (a)1/4 2711 — AQ)_1/4} \/C’l(W’,e’) would not be too large.
Now, for fixed W € (0, 3) and € € (0, 53 — 1), we have

N-1
2 2
lles = PisywiceslE= > ler,sWw)l
I=2NW (1+€)
N-1
Z Cg(W’ 6/)N3/26—C’2(W’,e')N
I=2NW (14€)

< C’g(W’, 6/)N5/2€—C‘2(W/,e’)N

IN

for all |f| < W and N > No(W’,¢'), where Co(W',¢) = CZ(W',¢). O

J Proof of Corollary 3.10

Proof. Suppose f € [fi — Wi, fi + W;] for some particular i € [J]. Let C1o(W, ¢) = max{Co(W;,€'),Vi €
[J]} and C11(W, €) = min{C2 (W, €'),Vi € [J]}. It follows from Theorem 3.9 that

2 2

lley — Pweyllz <llef — Pi; sy w,lanw, (40 €712
2
= |les—s; — P[SN.Wi]2NWi(1+e)ef*fi||2

< CQ(W;76/)N5/26—02(Wi’,e’)N < C1o(W, 6)N5/2e—011(W,s)N

for all N > No(W/,€'). We complete the proof by setting No(W, ) = max{No(W/,¢'),Vi e [J]}. O
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K  Proof of Theorem 3.11

Proof. Since xo,x1,...,xs-1 are independent and zero-mean, we have
N-1J-1 J=1
E [Jl=I1] ZE o)=Y, Y B [anlall] - E [l =N Y 5 = N.
n=0 0<i,i’<J-—1 n=0 i=0 =0

Applying Theorem 2.4, we acquire

E

IIIZ'—P[

EfiSNfWi]k,i

2 1 N-—1
Q)
T = A
) =0 22 2

Note that the power spectrum Py, (F’) assumed in (20) results in the constant WIT‘ instead of -
Now, we have

M1 J-1 2 J-1 2

E[|e - Pez|3] =E |> o - Pe(d x| | =E |||D_ (& — Pazs)
LIli=0 i=0 2 i=0 9
B 1 J

Il
&=
I/_\
<
]
)
|
&
8
=
h
M
£}
|
&
8
~
—_ 1

— Pyx)" (xy — Pyxy)

I

=
]
B

|

&

8
%
™

L i=0 i/ =0,i’ #i
J—1 J—1 J—1
= Z]E [Hml — P\I;:L'Zﬂg] +4 E |:(a:1 — P\pmi)H (:BZ-/ — P\I/:BZ/)]
i=0 =0 4/=0,i'#i
J—1 J—1 J
i=0 1=0 4/ =0,i’ #i
J—1 J—-1 2
2
=Y Eflz: - Peaf] <> E U i — Pl sy .y, Ti J
i=0 i=0
J—1 N-1
I S N0
|W| N,W;
1=0 I=k;

i

where the equality in the sixth line follows because E [z} ;] = (E [€:])" (E[2:]) = 0and E [z Pyzi] =
(E[xy]))" (E[Pgw;]) = 0 for all i’,i € [J],i’ # 4, and the inequality in the sixth line follows because the
column space of [Ey, Sy, w; ]k, is inside the column space of ¥ for all ¢ € [J]. O

L Proof of Corollary 3.12

Proof. It is useful to express the sampled bandpass signal  as

x = /W Z(f)erdf, (33)

where we recall that Z(f) denotes the DTFT of z[n], which is the infinite-length sequence that one
obtains by uniformly sampling x(¢) with sampling rate 7.
Now it follows from (33) that

2
o — Paal? = H

/ fesdf — / F)Pyesdf
[ H()es — Puer)df]
[

[ 1)

2

2

< [ EPar- [ les— Pueyliar
s/ (s

|2df - Co(W, 6)N5/267011(W75>N7
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where the third line follows from the Cauchy-Schwarz inequality and the last line follows from (19) and
the fact that fw lles — Pweyl|3df < |W| SUp ;e |ley — Pge;|3 < SUDfew |ley — Pgesl3. O
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