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Abstract. In this paper, we establish the general solution of the functional equation

fna +y) + f(nz —y) = 0* f(z +y) + 0’ f(z —y) + 2(f(nz) — n’ f(z)) = 2(n* = 1) f(y)

for fixed integers n with n # 0,41 and investigate the generalized Hyers-Ulam-Rassias
stability of this equation in quasi-Banach spaces.

1. INTRODUCTION

The stability problem of functional equations originated from a question of Ulam [21]
in 1940, concerning the stability of group homomorphisms. Let (G1,.) be a group and let
(G2, *) be a metric group with the metric d(.,.). Given € > 0, dose there exist a § > 0, such
that if a mapping h : Gi — G2 satisfies the inequality d(h(z.y),h(z) * h(y)) < ¢ for all
x,y € Gi, then there exists a homomorphism H : Gi — G2 with d(h(z), H(x)) < € for
all z € G1?7 In the other words, under what condition dose there exist a homomorphism
near an approximate homomorphism? The concept of stability for functional equation arises
when we replace the functional equation by an inequality which acts as a perturbation of the
equation. In 1941, D.H. Hyers [10] gave a first affirmative answer to the question of Ulam
for Banach spaces. Let f : E — E’ be a mapping between Banach spaces such that

1f(z+y) = f(z) - fy)l <0
forall z,y € E, and for some § > 0. Then there exists a unique additive mapping T : £ — E’
such that
[f(z) =T ()| <6
for all = € E. Moreover, if f(tz) is continuous in t for each fixed x € E, then T is linear.
In 1978, Th. M. Rassias [17] provided a generalization of Hyers’ Theorem which allows the
Cauchy difference to be unbounded. The functional equation

fl+y)+ flz—y) =2f(z) +2f(y), (1.1)

is related to symmetric bi-additive function[1,2,11,13]. It is natural that this equation is
called a quadratic functional equation. In particular, every solution of the quadratic equation
(1.1) is said to be a quadratic function. It is well known that a function f between real vector
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spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such
that f(z) = B(z,z) for all = (see [1,13]). The bi-additive function B is given by

B(a,y) = 1(fw+y) ~ f(z —)). (12)

A Hyers-Ulam-Rassias stability problem for the quadratic functional equation (1.1) was
proved by Skof for functions f : A — B, where A is normed space and B Banach space
(see [19]). Cholewa [4] noticed that the Theorem of Skof is still true if relevant domain A
is replaced an abelian group. In the paper [6] , Czerwik proved the Hyers-Ulam-Rassias
stability of the equation (1.1). Grabiec [9] has generalized these result mentioned above.

In [14], Won-Gil Prak and Jea Hyeong Bae, considered the following quartic functional
equation:

fla+2y) + f(z —2y) =4(f(z +y) + f(z —y) + 6/(y)) — 6f (). (1.3)
In fact, they proved that a function f between two real vector spaces X and Y is a solution
of (1.3) if and only if there exists a unique symmetric multi-additive function D : X x X x
X x X — Y such that f(z) = D(x,z,z,x) for all z. It is easy to show that the function
f(x) = x* satisfies the functional equation (1.4), which is called a quartic functional equation
(see also [5]).

In addition H. Kim [12], has obtained the generalized Hyers-Ulam-Rassias stability for
the following mixed type of quartic and quadratic functional equation:
n—1
&

T2,

f(ﬂL’l)Jr27H(n—2)Zf(ivi)=2"72 > @) (1.4)

Tp 1<i<j<n z;

for all n-variables x1,x2, ..., xn € E1, where n > 2 and f : F1 — FE» be a function between
two real linear spaces F1 and Fo.

Also A. Najati and G. Zamani Eskandani [16], have established the general solution and
the generalized Hyers-Ulam-Rassias stability for a mixed type of cubic and additive functional
equation, whenever f is a mapping between two quasi-Banach spaces.

Now, we introduce the following functional equation for fixed integers n with n # 0, £1:

fnz +y) + f(nx —y) = n* f(z +y) +n’f(z —y) + 2f(nz)
—2n”f(z) - 2(n* = 1)f(y) (1.5)

in quasi Banach spaces. It is easy to see that the function f(x) = az* + bx? is a solution
of the functional equation (1.5). In the present paper we investigate the general solution of
functional equation (1.5) when f is a function between vector spaces, and we establish the
generalized Hyers-Ulam-Rassias stability of this functional equation whenever f is a function
between two quasi-Banach spaces.

We recall some basic facts concerning quasi-Banach space and some preliminary results.
Definition 1.1. (See [3, 18].) Let X be a real linear space. A quasi-norm is a real-valued
function on X satisfying the following:

(1) ||z|| > 0 for all z € X and ||z|| = 0 if and only if x =0 .

(2) |A.z|| = |A.||lz|| for all X\ €R and all z € X .

(8) There is a constant K > 1 such that ||z + y|| < K(||lz|| + ||lyl]) for allz,y € X .
1t follows from condition (3) that

2m—+1 2m—+1

2m 2m
1D il < M™ Y |lail, I @l < M™F D7 |l
i=1 i=1 =1 i=1

for all m >1 and all x1,x2,....,x2m+1 € X.
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The pair (X, ||.||) is called a quasi-normed space if ||.|| is a quasi-norm on X . The smallest
possible M is called the modulus of concavity of ||.|. A quasi-Banach space is a complete
quasi-normed space.

A quasi-norm ||.|| is called a p-norm (0 < p < 1) if

e+ yll” < {lzll” + [lylI”

for all z,y € X . In this case, a quasi-Banach space is called a p-Banach space.

Given a p-norm, the formula d(z,y) := ||z — y||” gives us a translation invariant metric on
X. By the Aoki-Rolewicz Theorem [ 18](see also [3]), each quasi-norm is equivalent to some
p-norm. Since it is much easier to work with p-norms, henceforth we restrict our attention
mainly to p-norms. In [20], J. Tabor has investigated a version of Hyers-Rassias-Gajda the-
orem (see[7,17]) in quasi-Banach spaces.

2. GENERAL SOLUTION

Throughout this section, X and Y will be real vector spaces. We here present the general
solution of (1.5).

Lemma 2.1. If a function f : X — Y satisfies the functional equation (1.5), then fis a

quadratic and quartic function.

Proof. By letting x =y =0 in (1.5),we get f(0) = 0.Set z =0 in (1.5) to get f(y) = f(—vy)
for all y € X.So the function f is even.We substitute x = = + y in (1.5) and then z =z — y
in (1.5) to obtain that

f(nz 4+ (n+1)y) + f(nz + (n — 1)y) = n’f(z + 2y) + n’f(z) + 2f (nz + ny)
—2m* f(z +y) —2(n* — 1) f(y) (2.1)
and
f(nz — (n = 1)y) + f(nz — (n+ 1)y) = n’f() + n’ f(z — 2y) + 2f (nz — ny)
—2n®f(z —y) —2(n* — 1)/ (y) (22)
for all z,y € X.Interchanging x and y in (1.5) and using evenness of f to get the relation
fl@+ny) + fle—ny) =n® flz+y) +n’f(z —y) + 2/ (ny)
=20 f(y) - 2(n* = 1) f(=) (2.3)
for all z,y € X.Replacing y by ny in (1.5) and then using (2.3),we have
f(nx +ny) + f(nz —ny) = n' f(z +y) +n" f(z — y) + 2f (ny)
+ 2f (nx) — 2n* f(z) — 2n* f(y) (2.4)
for all z,y € X.If we add (2.1) to (2.2) and use (2.4),we have
fnz + (n+1)y) + fnz — (n+ Dy) + f(nz + (n — Dy) + f(nz — (n — 1)y) =
n?f(x +2y) +n’f(z — 2y) + 2n*(n® — 1) f(z + y) + 2n°(n® — 1) f(z —y)
+4f(ny) + 4f (nx) + (—4n" + 2n°) f(z) + (—4n" — 4n” + 4) f(y) (2.5)



4 M. Eshaghi Gordji and S. Abbaszadeh

for all z,y € X.Substitute y = z +y in (1.5) and then y = x —y in (1.5) and using evenness
of f to obtain that

f((n+ Dz +y)+ f((n — Do —y) =n’f(2z + y) + n* f(y) + 2f (nz)

— o () — 2n* — 1) f(z + ) (2.6)
and
f((n+ D)z —y)+ f((n — Do +y) =n’f(2z — y) + n* f(y) + 2f (nz)
—2n® f(z) = 2(n* = 1) f(z — y) (2.7)

for all z,y € X .Interchanging x with y in (2.6) and (2.7) and using evenness of f,we get the
relations

f@+n+1)y) + fl@— (n—1)y) =n’flz+2y) +n°f(z) + 2f (ny)

-2 f(y) —2(n* = 1) f(z +y) (2.8)
and
fl@—(n+1)y) + f(z+ (n—1y) = n’f(z — 2y) + n’ f(z) + 2f (ny)

—2m?f(y) —2(n® — 1) f(z —y) (2.9)

for all z,y € X.With the substitution y = (n 4+ 1)y in (1.5) and then y = (n — 1)y in (1.5),
we have

fnz+ (n+1)y) + f(nz — (n+ 1)y) =n’f(z + (n+ 1)y) + n’f(z — (n + 1)y) + 2f (nz)

22 (@) — 2(n? — Df((n+ 1)y) (2.10)
and
fnx + (n = 1)y) + f(nz — (n = 1)y) = n’f(z + (n = Vy) +n* f(z — (n — 1)y) + 2f(nz)
— 20 f(z) —2(n® — 1) f((n — 1)y) (211)
for all z,y € X.Replacing z by y in (1.5), we obtain
F((n+1)y)+f((n—1)y) = n® f(2y)—2(2n° = 1) f(y) +2f (ny) (2.12)

for all y € X.Adding (2.10) with (2.11) and using (2.8), (2.9) and (2.12), we lead to
fnz 4+ (n+1)y) + f(nz — (n+ Dy) + f(nz + (n = Dy) + f(nz — (n - 1)y) =
n'f(z +2y) + n' f(a = 2y) = 20°(n® = 1) f(z +y) = 2n°(n® = 1) f(z — y)
+4f (ny) +4f (nz) = 20°(n* = 1) f(2y) + (20" = 4n%) f(x)

+ (4n* —12n° +4)f(y) (2.13)
for all z,y € X.By comparing (2.5) with (2.13), we arrive at

fle+2y)+ fx—2y) = 4f(z+y) +4f(z —y) +2f(2y) - 8f(y) - 6f(x) (2.14)
for all z,y € X.Interchange x with y in (2.14) and use evenness of f to get the relation

fRe+y)+ f(2r—y) = 4f(x+y) +4f(z —y) +2(22) - 8f(x) -6/ (y) (2.15)

for all z,y € X.

We would show that (2.15) is a quadratic and quartic functional equation.To get this,
we show that the functions g : X — Y defined by g(z) = f(2z) — 16f(z) for all z € X
and h: X — Y defined by h(z) = f(2z) — 4f(x) for all z € X, are quadratic and quartic,
respectively.
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Replacing y by 2y in (2.15) and using evenness of f,we have
F(22+2y) + f(22 — 2y) = 4 (2y + @) + 4f(2y — 2) + 2f(22) - 8f(x) —6f(2y)  (2.16)

for all z,y € X. By interchanging = with y in (2.16) and then using (2.15),we obtain by
evenness of f

fQRz+2y) + f(2x —2y) = 4f 2z +y) + 4 (2 —y) + 2f(2y) — 8f(y) — 6/(2x)

=16f(x +y)+ 16f(xz — y) + 2f(2z) + 21 (2y)

—32f(x) — 32f(y) (2.17)
for all z,y € X.By rearranging (2.17), we have
[F(20 +2y) — 16f(z + )] + [f(22 — 29) — 16f(z — y)] =
2f(20) — 16f(2)) + 21/ (2y) — 16/(v)]
for all z,y € X.This means that

9(x+y) +g(x —y) =2g(x) = 29(y)

for all z,y € X.Therefore the function g : X — Y is quadratic.
To prove that h: X — Y is quartic,we have to show that

h(2x 4 y) + h(2x — y) = 4h(x +y) + 4h(x — y) + 24h(x) — 6h(y)

for all z,y € X.Replacing z and y by 2z and 2y in (2.15), respectively,we get
fAx+2y)+ f(dx—2y) = 4f (2x+2y) +4f(2x —2y) +2f (4x) —8f(2x) — 6 f (2y) (2.18)

for all z,y € X.Since g(2z) = 4g(x) for all x € X where g : X — Y is a quadratic function
defined above, we have

f(4x) =20f(2z) — 64f(x) (2.19)
for all z € X .Hence, it follows from (2.15) ,(2.18) and (2.19) that
h(2z +y) + k(22 —y) = [f(4z + 2y) — 4f (22 + y)] + [f(42 — 2y) — 4f(2z — y)]
=A4[f(2z +2y) — Af(z + y)] + 4[f(2z — 2y) — 4f(z — y)]
+ 24[f(2z) — 4f ()] — 6[f (2y) — 4/ (y)]
= 4h(z + y) + 4h(z — y) + 24h(x) — 6h(y)
for all z,y € X.Therefore, h : X — Y is a quartic function. O
Theorem 2.2. A function f : X — Y satisfies (1.5) if and only if there exist a unique

symmetric multi-additive function D : X x X x X x X — Y and a unique symmetric
bi-additive function B : X x X — Y such that

f(z) = D(z,z,z,z) + B(z,z)
for all z € X.

Proof. We first assume that the function f : X — Y satisfies (1.5).Let g,h : X — Y be
functions defined by

9() = f(22) — 16f(x) h(z) = f(22) — Af(x)
for all z € X. Hence, by Lemma (2.1), we achieve that the functions g and h are quadratic
and quartic, respectively, and

1 1

flx) = Eh(m) - Eg(x)
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for all x € X. Therefore, there exist a unique symmetric multi-additive mapping D : X X
X x X x X — Y and a unique symmetric bi-additive mapping B : X x X — Y such that
D(z,z,x,x) = 5h(z) and B(z,z) = —g(z) for all z € X (see[l, 14]). So

f(z) = D(z,z,z,2) + B(z,x)

for all x € X.
Conversely assume that

f(z) = D(z,z,z,2) + B(z,x)

for all z € X, where the function D : X x X X X x X — Y is symmetric multi-additive
and B : X x X — Y is bi-additive defined above.By a simple computation, one can show
that the functions D and B satisfy the functional equation (1.5),s0 the function f satisfies
(1.5). a

3. HYERS-ULAM-RASSIAS STABILITY OF EQ.(1.5)

From now on, let X and Y be a quasi-Banach space with quasi-norm |.|[x and a p-
Banach space with p-norm ||.||y,respectively.Let M be the modulus of concavity of ||.||y.In
this section using an idea of Gavrutal8] we prove the stability of Eq.(1.5) in the spirit of
Hyers, Ulam and Rassias.For convenience we use the following abbreviation for a given
function f: X — Y

Af(z,y) = f(nz+y)+ f(ne—y) —n’fz+y) —n’f(z—y) = 2f (na) + 20 f () +2(n* = 1) f(y)
for all z,y € X.We will use the following lemma in this section.

Lemma 3.1. (see [15].) Let 0 < p <1 and let x1,x2,...,Tn be non-negative real numbers.

Then
(Z :Ci)p S Z :Cip.
i=1 =1

Theorem 3.2. Let ¢, : X x X — [0,00) be a function such that

. m r Yy
1 4 — =0 3.1
Jim %%WTJ (3.1)
for all z,y € X and
(L L 3.2
> (G g0 < oo (32)

for all x € X and for all y € {z,2z,3z,nz, (n+ )z, (n — 1)z, (n + 2)z, (n — 2)z, (n — 3)z}.
Suppose that a function f: X — Y with f(0) = 0 satisfies the inequality

A f(zy)lly < @qle,y) (3.3)
for all z,y € X. Then the limit

Qa) = lim 4"[f(5) — 16/(5)] (3.4)

m— 0o

ezists for allz € X and Q : X — 'Y is a unique quadratic function satisfying

11

17(22) = 16£(z) — Q@)lly < [y (2)]? (3.5)
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for all x € X, where

z (n+2)z z (n—2)x

24” i |G )+ G )
s, WU g2 2 ;”““d TN R S
TS D) (o S0 2 e 1) (5, 2
+ (17n —8)F <pq(2— 23) + (nzn_”l)p (2(0, x(n; Dz )+ ©5(0, (n ;3)33)
+10°63(0, P50 4 0,50 + a0, P52 + 0.5
(2(3n* —n?*+2)P , =w
+ G ¢3(0,55) 1 }- (3.6)
Proof. Set x =0 in (3.3) and then interchange x with y to get
172 = 1)£(&) — (0 = ) F(~2)| < 9a(0,2) (3.7)
for all x € X .Replacing y by z, 2z, nz, (n + 1)z and (n — 1)z in (3.3),respectively,we get
IF((n+D)z) + f((n = D)a) —n’f(2z) = 2f(nz) + (4n* = 2) f(2)]| < po(, ) (3.8)
and
1£((n +2)a) + f((n = 2)z) —n*f(3z) — n® f(~z) — 2f (nx) + 2n° f ()
+2(n? = 1)£(20)]] < (o, 20) (3.9)
and
1£(2na) = n®f((n+ 1)z) = n?F((1 = n)z) + 2(n* — 2) f(nz) + 2n° f ()]
< ¢q(z, nx) (3.10)
and
1£(@n+ 1)) + F(—2) — n2f((n + 2)2) — n*f(—nz) — 2 (n) + 20 f(z)
+2(n? = (0 + D)l < Pala, (0 + 1)) (3.11)
and
1£((2n = D)a) + f(z) = n*f((2 = n)z) — (n” +2) f(nz) + 2n° f(z)
+2(n? = 1)f((n— D)l| < palz, (0 — 1)) (3.12)
and
1£2(n + V)a) + f(=22) = n* f((n + 3)x) — n* f(—(n + 1)x) — 2f (nz) + 2n” f(x)
+2(n” = Df((n +2)x)|| < pq(x, (n+2)2) (3.13)
and
1£((2(n = z) + f(22) = n® f((n — D) — n® f(—(n — 3)z) — 2f (nx) + 2n° f(x)
+2(n* = 1) f((n = 2)2)|| < pq(z, (n - 2)) (3.14)
and

1£((n+3)a) + f((n = 3)) — n*f(4x) — n* f(~2z) — 2f(nz) + 2n” f(z)
+2(n* — 1)/ (32)|| < ¢q(x, 32) (3.15)
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for all x € X.We combine (3.7) with (3.9), (3.10), (3.11), (3.12), (3.13), (3.14) and (3.15),

respectively, to get the following inequalities:

1£((n -+ 2)2) + F((n = 2)2) = n?[(32) = n* [ (&) = 2 (n) + 20* ()
+2(n* = Df(20)] < pale, 20) + ——104(0,)

and

I£(2nz) —n® f((n +1)z) —n*f((n = Do) +2(n* - 2) f(nz) + 20 f(2))|

n
< ¢q(@,n2) + —5—20q(0, (n — 1)z)

and

1720 + D)z) + f(z) = n*f((n + 2)a) —n’f(nz) — 2 (nz) + 2n° f (z)
+2(n* = 1) f((n+ Da)| < pq(z, (n+ 1))

o al0.12) + —4(0,)
and
1£((2n = 1)) + F(@) 0 {((n ~ 2)2) ~ (0 +2) f(na) + 20° [ ()

+2(n = D) f((n = 12)| < @a(, (0 = 1)2) + (0, (n = 2)2)

and
1£2(n+ D)z) + f(2z) — n® f((n+ 3)z) — n° f((n + 1)x) — 2f (nz) + 2n° f (z)

+2(n* = 1) f((n+2)2)|| < ¢q(z, (n + 2)z)
+ #%(07 (n+ 1)z) + ¢q(0, 2z)

and

1£(2(n = D)z) + f(22) = n*f((n — 1)z) — n® f((n = 3)z) — 2f (nz) + 2n° f(z)

+2(n = DF((n = 22)| < ol (0 - 22) + ——

—04(0, (1 — 3)a)

and

[£((n+3)2) + f((n = 3)2) = n®f(4z) —n’f(22) = 2f (n2) + 2n* [ (x)
+2(n* = 1) (32)|| < pa(,32) + ——¢4(0, 20)

for all x € X.Replacing x and y by 2z and z in (3.3), respectively, we obtain
1£((2n + 1)z) + f((2n — )z) = n*f(3z) — 2f(2nz) + 2n° f(2x)

+(n* = 2)f(2)]| < ¢q(22,2)
for all x € X.Putting 2z and 2y instead of = and y in (3.3), respectively, we have

I£(2(n + 1)z) + f(2(n — 1)z) —n® f(4z) — 2f(2nz) + 2(2n" — 1) f(22)
< pq(22, 22)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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for all z € X.It follows from (3.8), (3.16), (3.17), (3.18), (3.19) and (3.23) that

1(3) = 622) + 15 (@) € s leu(e (n+ Do) + (o (n = 1))

+ qu(2117, :17) + 2()011(:17777’1;) + n2¢Q(x7 2:17) + (4n2 - 2)¢Q(xvx)
2

T (2pa(0, (1~ 1)) + 4(0,m2) + 04 (0, (n — 2))

e ) (3.25)
for all z € X.Also, from (3.8), (3.16), (3.17), (3.20), (3.21), (3.22) and (3.24), we conclude
1 (d2) — 4f(32) + 41 (22) + 41 @) € ez lea(a. (0 + 2)2)

+ @a(@, (n = 2)2) + 94(22,22) + 204 (@,n7) + 1 (24w, 32) + 04 (@, )
+2(n” — Dy, 22) + ——= (2040, (n = 1)) + 4 (0, (n — 3)a)

+ a0, (0 1)2)) + S5 24(0, 20) 4 20% 0, (0, 2) (3.20)

for all z € X .Finally, combining (3.25) and (3.26) yields

I (42) — 247 (22) + 647 (@)]| < nQ(an_l)m (2, (n+2)) + ¢4 (e, (n - 2)a)

+ 4@q(2$,$) + TZQqu(:E, 3LE) + 2(3n2 - 1)9011(2772:17) + (17712 - 8)5011(:177 :17)

+ (4(0, (n 4+ 1)) + ¢4(0, (n = 3)x) + 1004 (0, (n — 1)) + 44 (0, n)

4 4 2
n-+1 2(3n" —n" 42
a4y 0, (0~ 2)a)) + L0, (0,00) 4 2O A D)

n2—1
©q(0,2)] (3.27)

for all z € X.By substituting

1
Yq(z) = m[@q(% (n+2)z) + ¢q(z, (n — 2)z)

+4pq(z, (n + 1)) + dpg (2, (n = 1)2) + 104 (2, n2) + g (22, 22)

+4pq (2, 2) + n*pg(2,32) + 2(3n” — 1)pq(z, 22) + (170" — 8)q(, )
2

n?—1

+ (0q(0, (n + 1)x) + ©q(0, (n — 3)x) + 1004 (0, (n — 1)x) + 4p4(0, nx)

nt+1 2(3n* —n? 4 2)

+ 400, (n—2)2)) + 5L (0,20) 4 220 0, (3.25)
(3.27) gives
|1 (42) — 20f (22) + 64 (z)|| < M g (x) (3.29)

for all x € X.
Let g : X — Y be a function defined by g(z) := f(2z) — 16f(x) for all x € X.From (3.29),
we conclude that

lg(22) — 4g(2)|| < M 4q(x) (3.30)
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for all x € X. If we replace z in (3.30) by =4t and multiply both sides of (3.30) by 4™, we
get

T
2m+1)

147+ g -4 ( ol < MEA™ g ( (3:31)

2m+1)

for all z € X and all non-negative integers m. Since Y is a p-Banach space, then inequality
(3.31) gives

m z 517 i x i X
147 9 () = 49 (G IS <Z||4“ 9(51) — A9
<MY YA () (3.32)
i=k

for all non-negative integers m and k with m > k and for all x € X. Since 0 < p < 1, then
by Lemma 3.1, from (3.28), we conclude that

1
UE() < s (e 0+ 2)0) + e (0~ 2)0)
+ 4708 (x, (n+ D)z) + 475 (2, (n — 1)z) + 107} (z, nx) + ¢} (22, 2x)
+ 4P 2z, ) + nQpc,og(ac7 3z) 4+ 27 (3n° — 1Pl (z, 22) + (17n* — 8) b (x,x)
2p
n

+ m(%(@ (n+ Dz) + ¢5(0, (n — 3)x) +107¢5(0, (n — 1)x) + 4795 (0, nx)

n"+1 2(3n* — n? 4+ 2))P
250, - 20 + I 0,20 + B oy o)
for all z € X. Therefore, it follows from (3.2) and (3.33) that
D AP ( Z) < oo (3.34)
i=1

for all z € X. Thus, we conclude from (3.32) and (3.34) that the sequence {4™g(57)} is a
Cauchy sequence for all € X. Since Y is complete, then, the sequence {4™ g(53)} converges
for all z € X. So one can define the function Q : X — Y by

Q) = lim 47 g(Z

m—oo 2m

) (3.35)

for all z € X. Letting k = 0 and passing the limit m — oo in (3.32), we get

oo

(3.36)

lg(2)=Q()l5 < MS”ZLL”’% 2Z+1

i=0

27,

for all z € X. Therefore, (3.5) follows from (3.2) and (3.36). Now we show that @ is
quadratic. It follows from (3.1), (3.31) and (3.35) that

T

. m m T
|Q(2) —4Q@)ly = lim 4" g(5—) — 4" g(0)lly
_ . m—1 4 o qm
=4 Tim 4" g(5r) — 4" g(50) Iy

< M"™ lim 4qu(zim) =0
for all x € X. So
Q(2z) = 4Q(z) (3.37)



On the stability of generalized mixed ... 11

for all z € X. On the other hand, it follows from (3.1), (3.3), (3.4) and (3.35) that

N . v o, Ty
12Q(@ Wy = lim 4™|Ag(5r, 2m>HY— lim 4718 (s o) = 168 (5 5 Iy
Y
<M lim 4" (|Af (5 e s Iy 1618 S (50 50}
. X
SM’IY}@OOZL {4»011(2771 17 gm— 1)—"_16 (2m 2m)}:0

for all z,y € X. Hence the function Q satisfies (1.5). By Lemma 2.1, the function x ~
Q(2x) — 4Q(x) is quadratic. Hence, (3.37) implies that the function @ is quadratic.

It remains to show that @ is unique.Suppose that there exists another quadratic function
Q' : X — Y witch satisfies (1.5) and (3.5).Since Q (5m) = 4%Ql(x) and Q(5%) = = Q()
for all z € X, we conclude from (3.5) that

’ . m T r. T P Msp m
106) Q' @)l = Tim a"g(2) ~ Q' Go)lly” < 225 tim amrg, Ly (338)
for all z € X.On the other hand, since
. m - i x Y . - % r y
Jim 47 470 (s ) = Jim D 470" (5 50) =0
i=1 i=m+1

for all x € X and for all y € {z,2z,3z,nx,(n + 1)z, (n — 1)z, (n + 2)z, (n — 2)z, (n — 3)x},
therefore

lim 4 p’l/Jq( —) =0 (3.39)

m— oo

for all z € X.By using (3.39) in (3.38), we get Q = Q.

Theorem 3.3. Let ¢, : X x X — [0,00) be a function such that

lim %cpq(Q z,2"y) =0

m— oo

for all z,y € X and

pard
for all x € X and for all y € {z,2z,3z,nz, (n+ )z, (n — 1)z, (n + 2)z, (n — 2)z, (n — 3)z}.
Suppose that a function f: X —Y with f(0) = 0 satisfies the inequality

| A flz,y)lly < ¢qlz,y)

for all x,y € X. Then the limit

P2, 2'y) <

Q@)= lim ——[f(2""2) — 16£(2")]

m—oo 4™
ezists for allz € X and Q : X — 'Y is a unique quadratic function satisfying

1722) ~ 165(@) ~ Q@)lly < *- [ (@)

Bl
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for all x € X, where

Balw) : = ; - {m [ @522, 2" (n+ 2)z) + (22, 2 (n — 2)x)

AP0, 2 (0t Da) + 42,2 (0 — o) + 1076020, 2 ) + (220, 220)
+ 4P b (2°2, 2'x) + nP b (2'x,2"3x) + 27 (3n® — 1)P ol (2w, 2'2x)

2p

+(1T0° =8¢ (2'2,2') + T (W 0.2 (n+ Do) + ¢ (0,2 (n = 3)2)

(n? —1)p
+ 10742 (0, 2" (n — 1)z) + 479 (0, 2 nx) + 472 (0, 2" (n — 2)x))

(n* +1)P (2(3n* —n? 4 2))P

M 2'2z) + s 22) ] }.

Proof. The proof is similar to the proof of Theorem 3.2. (]

Corollary 3.4. Let 0,r,s be non-negative real numbers such that r,s > 2 or s < 2. Suppose
that a function f: X — Y with f(0) =0 satisfies the inequality

0, r =s =0;

QH:CHTX7 r> 0, s=0;
YAN < ! .
Af(z,y)lly < 0llyll%, r=0, s > 0; (3.40)

Ozl + llyllx), r s> 0.
for all x,y € X. Then there exists a unique quadratic function Q : X — Y satisfying

dq, r =s =0;
M89 ) > 0’ :0;
120 = 165() ~ Q@ < et 8 G0 20, 4> 0,

(
(0B(z) + B2(z))? 1, 5> 0.
for all x € X, where

1
g = { m[(

+ 0724107 +2%4°) + (n* + 1P + 0P (n® — 1)P + 354 (n” — 1) + 10°(n*> — 1)?
+3(0” = 1)7] }7,

6n° —2)P(n® — 1) + (17n° — 8)P(n® — 1)” + (6n" — 2n° 4+ 4)?

4P(242"P) + 10P + (6n%2 — 2)P + (1Tn2 =8P + 2P 4 2 1
() = { T2 o e =8 1 lallx
and
_ 1 sp 2 pr. 2 p 2 ()2 p
Bq(z) ={ Z — 1y — 2] [2°P(6n” — 2)P(n” — 1)’ + (17n" — 8)P(n" — 1)

+ (6n" —2n° +4)" +0*((n+ 1) 4+ (n — 3)*P + 107 (n — 1)*?

+4Pn°P + 4P (n — 2)°P) + QSp(n4 +1)P + 35pn2p(n2 - 1P+ 47’(712 —1)?
+(n+2)P(n® = 1P + (n—2)F(n* — 1)” + 4 (n + 1) (n* — 1)°
+4P(n— 1) (n® — 1) + 1070 (> — 1)) }¥ ||z%.

Proof. In Theorem 3.2, putting oq(z,y) := 0(||z||% + ||yl|%) for all z,y € X. O
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Corollary 3.5. Let 0 > 0 and r,s > 0 be non-negative real numbers such that X .= r+s # 2.
Suppose that a function f: X — Y with f(0) = 0 satisfies the inequality
(3.41)

IAf (@ y)lly < ollzlxllylx,
for all z,y € X. Then there exists a unique quadratic function Q : X — Y satisfying

8
M76 L (n42) + (n—2) 447 (n+ 1)

2x) — 16 - <
Hf( 13) f(m) Q(x)HY > ng(ng_l){ |4p_2)\p|[
+ 4P(n _ 1)SP + 10PnSP + 2(7"+S)P + 4P2T'P + n2P35P

2)” + (1702 — 8)"] }7 |lz|X

+ 2°7 (6n° —
forallz € X.
Proof. In Theorem 3.2 putting ¢q(z,y) := 0||z|/% |ly|lx for all x,y € X. O
Theorem 3.6. Let ¢;: X X X — [0,00) be a function such that
Jim 16" (o o8 = (3.42)
forallz,y € X and
2 Yy <c o (3.43)
—3)z}.

1670, P (=, L

for all z € X and for all y € {z,2z,3z,nz, (n+ )z, (n — 1)z, (n + 2)z, (n — 2)z, (n
Suppose that a function f: X —Y with f(0) = 0 satisfies the inequality
(3.44)

[AF (2, y)lly < eelz,y)
for all z,y € X. Then the limit
. m x x
T(a) = Jim 16" ([ (50r) 47 (o) (3.45)
ezists for allz € X and T : X — Y is a unique quartic function satisfying
M8 ~ 1
1£(22) = 4f(2) = T(2)|ly < 55 Wu(2)]? (3.46)
for all z € X, where
~ = ; 1 z (n+2)x x (n—2)x
- pt Vel P
1/}'5(:17)7;16 {nQP(n2—1)P Sot(zzv 2 )+ t(2z’ ot )
z (n+ 1)z z (n—1z T nx 2x 2x
)+ @t(2z7 i )+ O¢t(22721) t(zlvzl)
T 2x

+4p¢?(§7T
2r «x r 3x
+ 41)@7:(?7 ?) + n2p¢f(2i7 27, ) + 2p(3n2 - 1)1)@5(217 21
2p
n z(n+1)x
(¥£ (0, %) + ¢7 (0, (T

+ (17712 — 8)1’()0%’(%7 %) + m
+107070, B 4 o0, 22+ a0, 2T
COn_ D r0,2) 1y (3.47)

(n*+1)? , = 2z
(07_)+ (ng_l)p

+ (n2 —1)p 7t 20
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Proof. Similar to the proof Theorem 3.2, we have

|| f(4z) — 20f(22) + 64f(2)]| < M ¢ (2), (3.48)
for all z € X, where
() = ————[pe(z, (0 + 2)3) + @u (3, (n — 2)2)

n2(n? —1)
+ 44 (22, ) + n° @i, 3x) + 2(3n* — 1) @i (x, 22) + (17n° — 8)p¢(z, )

+

7 (00, (n + 1)) + ¢:(0, (n = 3)2) + 1094 (0, (n — 1)z) + 40 (0, nz)

nZ —
f4+1 23n* —n® +2
00, (n—202) + 2 (0,20 4 2D g ) (3.49)
Let h: X — Y be a function defined by h(z) := f(2x) — 4f(z). Then, we conclude that
1n(22) = 16h(x) | < MPyu(x) (3.50)

for all x € X. If we replace z in (3.50) by 575 and multiply both sides of (3.50) by 16™,
we get

x
2m+1

T

m—+1
H16 h( om+1

) = 16" A5 lly < MP16™ 4 (o) (3.51)

for all x € X and all non-negative integers m. Since Y is a p-Banach space, therefore,
inequality (3.51) gives

m xz x “ i x i, X
116 +1h(2m+1) - 16’“h(2—k)ll’§f <> 6 +1h(ﬁ) — 16°h ()Y
i=k
< M®) 16" v’ (5 (3.52)

i=k

for all non-negative integers m and k with m > k and all x € X. Since 0 < p < 1, then by
Lemma 3.1, we conclude from (3.49) that

1

Pr(z) < (2 — )7 [p} (2, (n + 2)z) + ¢} (2, (n — 2)x)

+ 4P} (2, (n + 1)z) + 479 (z, (n — 1)z) + 10797 (2, n2) + @7 (22, 27)

+ 4797 (22, @) + 0P} (x,3z) + 27 (30" — 1)7¢} (x,22) + (17n” — 8)" ¢} (x, z)

+ ﬁ(gpf(o, (n+ 1)z) + P (0, (n — 3)x) + 1077 (0, (n — 1)z) + 4P ¥ (0, nx)
p, P (n4 +1)F (2(3714 —n’+ 2))P
+ 4794 (0, (n — 2)x)) + I (0,2z) + T @t (0,2) ], (3.53)

for all z € X. Therefore, it follows from (3.42) and (3.52) that

[eS) . z

> 16 v’ (57) <00 (3.54)
i=1

for all z € X. Thus, we conclude from (3.52) and (3.54) that the sequence {16™h(5%)} is
a Cauchy sequence for all € X. Since Y is complete, the sequence {16™h (55 )} converges
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for all z € X. So one can define the function T': X — Y by

T(z) = lim 16™ h( —) (3.55)

for all x € X. Letting k = 0 and passing the limit m — oo in (3.52), we get

Ih(z) =T @) < MSPZW” (5mr) = M Z 167" (3.56)

for all z € X. Therefore (3.45) follows from (3.43) and (3.55). Now we show that T is quartic.
According to (3.42), (3.51) and (3.55)7 it follows that

[T(22) = 16T (2)|ly = lim_[[16™h(57= )—16’”“’1( )HY

2n 1
=16 lim 16"~ 1h( 6 Z_)—16" h( Iy
< M® lim 16™ zpt( —)=0

m—00

for all x € X. So
T(2x) = 16T (x) (3.57)
for all z € X. On the other hand, by (3.44), (3.54) and (3.55), we lead to

y Ty
AT (z,y)lly = lim 16™ IIAh(2m,2m)Hyf lim 16™ I\Af(2m T gmt) ~ A0 (5 5y
<M lim 167”{|\Af(2m T s 1)|Iy+4IIAf(2m 2m)|| v}
x Yy Yy
<M lim 16" {p(5r=, 50 1)+4<Pt(2m72—m)}:0

for all x,y € X. Hence, the function T satisfies (1.5). By Lemma 2.1, the function z ~
T(2z) — 16T (x) is quartic. Therefore (3.57) implies that the function T is quartic.

To prove the uniqueness property of T, let T' : X — Y be another quartic function
satisfying (3.46). Since

mp pi X pi B
n}Eﬂoo 16 Z 167 ¢ (W7 2m+7,) = lgﬂoo Z 167" ¢ (5 5) 0
=1 i=m+1
for all z € X and for all y € {z,2x,3z,nz,(n+ 1)z, (n — Dz, (n + 2)z, (n — 2)z, (n — 3)x},
then

lim 16", (

m—oo 2m

for all z € X. It follows from (3.46) and (3.58) that

)=0 (3.58)

8p

7 — 1 mppe L ol Xy P M
IT(2) =T (@)lly = lim 16" ||A(5) =T (50)ly < 5&

foralz € X.SoT =T'.

Theorem 3.7. Let ¢; : X X X — [0,00) be a function such that

lim

m— 0o

1 n n
e (27w, 2"y) = 0
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forallz,y € X and

1 i o
D e (2, 2'y) < oo
=0

for all x € X and for all y € {z,2z,3z,nz, (n+ )z, (n — 1)z, (n + 2)z, (n — 2)z, (n — 3)z}.
Suppose that a function f: X —Y with f(0) = 0 satisfies the inequality

|‘Af($7y)||y < 9075(‘7771/)
for all x,y € X. Then the limit

T(z):= lim

m—oo 16™

[f27 " 2) — 4f (27 2)]

ezists for allz € X and T : X — Y is a unique quartic function satisfying

8 1
[1£(22) —4f(z) = T(z)[y < %[%(l’)ﬁ

=16
for all x € X, where

~ =1 1 Dloi. o Pt oi
wxmzzggﬂg{;gazrgz[%@w@(n+am+¢azm2m—2n>

+ 4P P (20,20 (n + 1)) + 4P P (2°2, 2 (n — 1)z) + 107 (2'x, 2'nx) + P (2°2z, 2°2x)
+ 4P P (222, 2°) + n*P P (2', 2°3x) + 27 (3n® — 1)PP(2'x, 2'22)

2p

+(17n* = 8)Pp} (2'w, 2'z) + S(97(0,2'(n + L)) + ¢7(0,2'(n — 3)a)

)
+ 1077 (0,2°(n — 1)z) + 477 (0,2"nx) 4+ 477 (0,2 (n — 2)x))

7&22 f B: (2(37&2—_”1; )i ©P(0,2'z) ] }.

©P(0,2°2z) +

Proof. The proof is similar to the proof of Theorem 3.6. |

Corollary 3.8. Let 0,7,s be non-negative real numbers such that r,s >4 or 0 < r,;s < 4.
Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality (8.40) for all
x,y € X. Then there exists a unique quartic function T : X — 'Y satisfying

3¢, r =s =0;
M®0 t(z), 0, s=0;
I£20) ~ 47(0) - @)l < it 4 G0 0,50

(o} (@) + B @)?, 15> 0.
for all z € X, where

1
o =A{ (16" — 1)(n2 — 1)P

+ 0P (24107 +2+4°) + (n* + 1P + 07 (n® — 1)P + 354" (n” — 1) + 107 (n* — 1)?
+3(n* = 1)] }7,

[(6n° —2)P(n® —1)" + (17n* — 8)P(n® — 1)? + (6n* — 2n* + 4)?

4P(2 4+ 2P) + 107 4 (6n% —2)P 4+ (1Tn?> —8)P + 2P +n?P 1
|16p_27‘p| }pH:CHX

a(z) = {
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and
Bi(x) = { ! 2 (602 — 2)P(n? — 1) + (17n* — 8)7(n? — 1)°
(n? —1)P[167 — 257
+ (6n* —2n° +4)" + 0°P((n +1)°F + (n — 3)°F + 107 (n — 1)*P
+10°n°P 4+ 47 (n — 2)°P) 4+ 2°P (n* + 1)? + 3Pn*P(n® — 1)P + 47 (n® — 1)?
+(n+2)P(n* —1)? + (n—2)F(n* — 1) + 4 (n + 1)°F (n* — 1)°
+47(n = )P (0° = 1P + 0P (0 = 1)) }7[Je.
Proof. In Theorem 3.6, putting ¢:(x,y) := 0(||z||x + ||y|l%) for all z,y € X. O

Corollary 3.9. Let 0 > 0 and r,s > 0 be non-negative real numbers such that X .= r+s # 4.
Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality (8.41) for all
z,y € X. Then there exists a unique quartic function T : X — Y satisfying

8
lf(2z) —4f(z) — T(x)||y < n2(]7\z42 g 1){ 67 i 5] [(n+2)® + (n —2)* +4°(n + 1)

+ 4P (n — 1) + 10Pn*P + 20T9P 4 47277 4 P3P

+2°7(6n° — 2)7 + (17n% — 8)"] }7 ||zl X
for all z € X.

Proof. In Theorem 3.6, putting o+ (z,y) := 0||z||x ||y||% for all z,y € X. d

Theorem 3.10. Let ¢ : X X X — [0,00) be a function such that

lim 4™p( -

m—oo om’

2%) =0= lim an(?”x, 2™My) (3.59)

m—oo 16™

for all z,y € X and

o0 . T
Y (o, L) <o

207 21
i=1

and

1 o
> e (2w 2'y) <o
1=0

for all x € X and for all y € {z,2z,3z,nz, (n+ 1)z, (n — )z, (n + 2)z, (n — 2)z, (n — 3)x}.
Suppose that a function f: X —Y with f(0) = 0 satisfies the inequality

for all x,y € X. Then there exist a unique quadratic function Q@ : X — Y and a unique
quartic function T : X — Y such that

17@) = Q@) = T@)ly < 1o AT, @)]F + [F:(@)]7) (8.61)

for allx € X, where Jq (z) and Jt(x) have been defined in Theorems 3.2 and 3.7, respectively,
forallz € X.
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Proof. By Theorems 3.2 and 3.7, there exist a quadratic function Qo : X — Y and a quartic
function Ty : X — Y such that

8 1 8 1
[1f(22) = 16f(x) — Qo(z)[ly < MT[%(Q;)];, 1f(22) = 4f(z) = To(z)|ly < %[%(SE)F

for all z € X. Therefore, it follows from the last inequalities that

1/ @)+ 75Q0(2) - 55 To@ly < Tz (Fa(@)] +F(@)]7)

for all z € X. So we obtain (3.61) by letting Q(z) = —15Qo(z) and T'(z) = 5To(z) for all
zeX.

To prove the uniqueness property of @ and T, we first show the uniqueness property for
Qo and Ty and then we conclude the uniqueness property of @ and 7. Let Q1,71 : X — Y
be another quadratic and quartic functions satisfying (3.61) and let Q2 = %Qm Ty = %T(L
Q3 =Q2— Q1 and T3 =T> — T1. So

1Qs(z) = Ts(@)lly < M{|lf(z) — Q2(z) = To(z)lly + If(z) — Q1(z) — Th(z)|[v}

M Aa@)]F + Be(@)P) (3.62)

<
- 96

for all x € z. Since

. mp 7 i T 7 m _
Jim 4TG0 = T o Ju(2™) = 0
for all z € X, then (3.62) implies that limm oo [[4"Q3(5%) + 5= 13(2™2)[ly = 0 for all

xz € X. Thus, T3 = Q3. But T3 is only a quartic function and Q3 is only a quadratic
function. Therefore, we should have T5 = Q3 = 0 and this complete the uniqueness property
of Q and T. The other results proved similarly. O

Corollary 3.11. Let 0,7, s be non-negative real numbers such that r,s >4 or 2 <r,s < 4
or 0 < r;s < 2. Suppose that a function f : X — Y satisfies the inequality (3.40) for all
z,y € X. Then there exist a unique quadratic function Q : X — Y and a unique quartic
function T : X — 'Y such that

Oq + Ot, r =s =0;
M°9 aq(x) + ai(z), r> 0, s=0;
1@ Q@) -T@IY < Zmrz =17 fula) + fula). r=0, s > 0;

(oh(@) + B(@)7 + (0} (2) + B (@))P, 78> 0.
for all x € X, where 0, 6¢, aq(x), (), Bq(x) and Bi(z) are defined as in Corollaries 3.4 and
3.8.

Corollary 3.12. Let 6 > 0 and r,s > 0 be non-negative real numbers such that A :=r+s €
(0,2) U (2,4) U (4,00). Suppose that a function f: X — Y satisfies the inequality (3.41) for
all x,y € X. Then there exist a unique quadratic function Q : X — Y and a unique quartic
function T : X — 'Y such that

M0 1

— - T <
172) = Q@) = T@)lly < 50— =
+ 4P(n _ 1)517 + 10PnSP + 2(7‘+S)P _|_ 4172717 + n2P3SP

+2°7(6n — 2)” + (17n® — 8)7] }7 [lalX

[(n+2) + (0= 2)" + 47 (0 + 1)

forallz € X.
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