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Abstract: We analyse D-branes on orbifolds with discrete torsion, extending earlier
results. We analyze certain Abelian orbifolds of the type C3 /Γ, where Γ is given by
Zm × Zn , for the most general choice of discrete torsion parameter. By comparing
with the AdS/CFT correspondence, we can consider different geometries which give
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at large N. As a by-product we also get a more geometric picture of discrete torsion.
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1. Introduction
Orbifold singularities [1, 2] have been the object of much attention in string theory, as they provide solvable examples of conformal field theories and correspond to
degenerate limits of Calabi-Yau families of vacua. Early on it was noticed that on
calculating the spectrum of an orbifold there is an inherent ambiguity in the phases
chosen for the twisted sector.[3] This ambiguity, discrete torsion, is classified by the
group H 2 (Γ, U(1)), where Γ is the orbifold group.
Discrete torsion has been analyzed in the context of deformation theory in [4,
5] where it was noticed that discrete torsion singularities cannot be geometrically
resolved, and that they provide totally distinct branches for compactifications of
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string theory. As a parameter, discrete torsion can be naturally associated to the
NSNS 2-form in string theory, and thus it is natural to interpret it in terms of
gerbes.[6]
More recently, it has been shown[7, 8] that discrete torsion can be analyzed in
terms of D-branes at the orbifold by taking into account projective representations
of the orbifold group. This is also needed for Matrix theory setups, as in [9]. In this
way one builds quiver theories [10] for the modified orbifold which have a totally
different content than the theories without discrete torsion. This analysis has been
extended to the boundary state formalism in [11].
A new tool which to date has not been exploited to analyze this situation is
to make use of the AdS/CFT correspondence [12]. In particular, the large N limit
of D3 branes at an orbifold was discussed in [13], but discrete torsion not considered. In this paper we analyze orbifolds with discrete torsion within the AdS/CFT
correspondence.
The first task is to describe the physics of a particular type of orbifold with
Γ = Zm × Zn . We find the low energy field theory decsription of D3-branes at the
singularity with discrete torsion for all possible choices of discrete torsion. This is
done in Sections 2,3. The theories obtained are supersymmetric four-dimensional
field theories of the brane-box type, with a modified superpotential. The orbifold
can be recovered by the moduli space of vacua, which depends on the superpotential.
This calculation is done in Section 4. We finish the field theory study in Section 5
where we compute the spectrum of chiral primaries of the CFT at the origin.
Secondly, in Section 6 we study the large N theories associated to the orbifold
with discrete torsion. The first fact that we need to consider is that they lie in the
moduli space of deformations of more standard quiver diagrams, as can be argued
along the lines of [14]. By following the deformations in supergravity, we are able
to find a duality of type IIB string theories at weak coupling compactified on very
different spaces. This is an example of mirror symmetry for RR backgrounds.
Subgroups of Γ leave 2-planes fixed, which descend to fixed circles in the large N
limit. By a careful analysis of the string theory at the orbifold one can find the correct
boundary conditions for the corresponding twisted sector states. These states are
massless and hence survive in the supergravity limit. Thus discrete torsion is encoded
in the near-horizon geometry, through different choices of boundary conditions for
twisted fields. One can compare these results with the field theory from Section 5,
and agreement is found. As a by-product we obtain geometric information on the
orbifold with discrete torsion.
The analysis shows that if one considers resolutions by blowups of the classical
geometry, on going around the fixed circles they are affected by monodromy. The
monodromy encodes the discrete torsion, and shows that the topology of the S 5 /Γ
is very different for the cases with and without discrete torsion. In particular, with
a non-trivial monodromy one finds torsion classes in the homology, and then the
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discrete torsion parameter is the B-field flux around this homology two-cycle. This
difference in topology also explains why the deformation theory of the orbifolds with
and without discrete torsion are so different.
Section 7 deals with new dualities for large N field theories. Two theories with
the same field content at different values of marginal couplings have the same moduli
space of flat directions and the same spectrum of chiral primary operators, and, furthermore, the coupling that distinguishes them does not appear in planar diagrams.
The duality acts discontinuously on the space of couplings by a permutation of the
roots of unity.

2. The orbifold
We analyze orbifolds of the Type IIB superstring of the form C3 /Γ with Γ = Zm ×Zn ,
and whose generators act on the coordinates by
e1 : (z1 , z2 , z3 ) → (αz1 , α−1z2 , z3 )
e2 : (z1 , z2 , z3 ) → (z1 , βz2 , β

−1

z3 )

(2.1)
(2.2)

with1 α = ωm and β = ωn .
Because of the choice of action of the orbifold, we preserve N = 2 supersymmetry
in four dimensions, which can be broken to N = 1 by the addition of D-branes at
the singularity.
The discrete torsion parameter, is a ‘bilinear’ element ǫ ∈ H2 (Γ, U(1)) such that
ǫ(g1 , g2 g3 ) = ǫ(g1 , g2 )ǫ(g1 , g3)

(2.3)

ǫ(g1 , g2 ) = ǭ(g2 , g1 )

(2.4)

ǫ(g1 , g1 ) = 1

(2.5)

for g1 , g2 , g3 ∈ Γ. As Γ has two generators, ǫ is completely determined by the number
η = ǫ(e1 , e2 )

(2.6)

It is easy to see that the solution of these equations is as follows. If m, n are
relatively prime, there is no discrete torsion. If we denote p = gcd(m, n), then we find
H2 (Γ, U(1)) = Zp . This includes the oft-studied special case m = n, where clearly
p = n. The discrete torsion is thus determined by η = ωpr , where r = 0, 1, . . . , p − 1.
Let s be the smallest non-zero number such that η s = 1. It is the integer s which
determines the physics, and for each value of s the orbifolds will behave differently;
for example, they will have a different resolution of singularities.
For later use, it will be useful to define a common root of unity λ, such that
mn
λ
= 1. This phase will appear in the superpotential of the low energy gauge
theory. It will also be useful to define q = lcm(m, n), the least common multiple of
m, n.
1

Throughout, we use the notation ωk ≡ e2πi/k .
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3. D-branes on the orbifold
We want to locate D3-branes at the orbifold. The construction for the low energy
effective action follows [10, 7]. In order to incorporate the discrete torsion parameter
into the field theory, one has to consider all possible projective representations of the
orbifold group with the same cocycle. That is, one considers representations where
γ(e1 )γ(e2 ) = ηγ(e1 e2 )

(3.1)

It is easy to see that given a projective representation R of the group Γ and a nonprojective representation χ, the representation R ⊗ χ is a projective representation
of Γ with the same discrete torsion parameter as R. By tensoring R with all possible
representations of Γ we can obtain all possible projective representations of Γ.
We can thus build the analog of the regular representation of Γ by considering
R = ⊕i dim(Ri )Ri , with Ri all the unitarily inequivalent projective representations of
Γ, and out of the regular representation we should obtain the quiver diagram representing a D-brane which is outside the singularity. Any other D-brane configuration
can be obtained by choosing the representation to be non-regular [15, 16]. String
consistency imposes anomaly cancellation on the configuration.
One irreducible projective representation of Γ is given in terms of s × s matrices


0 1 0 ··· 0
0 0 1 . . . 0


−2 −4
−2(s−1)
γ(e1 ) = diag(1, η , η , · · · , η
), γ(e2 ) =  . . . . . 
(3.2)
.
.
.
.
.
. . . . .
1 0 0 ··· 0

Any other irreducible representation is given by multiplying γ(e1 ) by an mth root of
unity αk and γ(e2 ) by an nth root of unity β ℓ . This is equivalent to multiplying the
representation Ri by a character of the orbifold group, and thus producing another
projective representation of the group, which is also irreducible. Two representations
labeled by (k, ℓ) and (k ′ , ℓ′ ) are equivalent if k = k ′ mod m/s and ℓ = ℓ′ mod n/s,
as can be seen by decomposing the representation into either characters of Zm or Zn .
As all the irreducible projective representations are s-dimensional, we obtain the
regular representation by taking all possible different projective representations with
the same cocycle, multiplied by the dimension of the representation.
R = ⊕k<m/s,

ℓ<n/s

sRkℓ

(3.3)

The total dimension of R is mn, which is the order of the group, |Γ|.
The gauge theory living on the D-branes is given by a quiver diagram with ms × ns
nodes, one for each representation. This theory is dual to an elliptic brane-box, as
in [17, 18], a part of which appears in Figure 1.
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The nodes indicate the different (k, ℓ) gauge groups
corresponding to each irreducible representation. To each
of them we associate the gauge group U(Nkℓ ). For the
regular representation, all of the gauge groups have equal
rank, in particular Nkℓ = s. The arrows represent chiral multiplets transforming in the (N, N̄) of the groups it
connects. The nodes are connected by multiplications by
specific characters of Γ.
Let us refer to the chiral multiplets corresponding to Figure 1: Part of the
the horizontal lines as φ1kℓ , the vertical ones as φ3kℓ and brane-box quiver.
the diagonal ones as φ2kℓ . To fully specify the theory, one
also needs to give the superpotential. As brane box diagrams dual to theories with
discrete torsion and without discrete torsion coincide, they can only differ in the
superpotential [7].
The superpotential is of the form
√

2gtr(φ1 φ2 φ3 − λs φ1 φ3 φ2 )

(3.4)

A cubic term appears for each small triangle in the quiver, with a phase difference,
depending on the orientation of the given triangle. Notice that it is the phase λ
that appears in the superpotential, instead of η. To see that this is correct, consider
rephasing all of the chiral fields by arbitrary phases. This transformation would
induce superpotential terms with a set of couplings λC (λA ) for (anti-)clockwise
triangles.
√

2gtr(λA φ1 φ2 φ3 − λC φ1 φ3 φ2 )

(3.5)

There is one combination of couplings which is invariant under field redefinitions,
and hence cannot be eliminated. It is the quotient
Q
λC
Q∆C
=η
(3.6)
∆ A λA

and turns out to equal the discrete torsion. In this way, the discrete torsion is encoded
in the theory. With our choice of conventions, λC = λs , λA = 1. We have chosen
the couplings so that they all are the same, and therefore the quantum symmetry is
easier to construct. We could just as well have made all the couplings equal except
at one triangle, where we would insert the phase η. Notice that when m = n with
only one node in the diagram, this reduces to the case considered in [7, 8].
It should be possible to deduce the form of the superpotential directly through
string computations. In particular, we wish to show that the diagrams in Figure 2
differ essentially in phase.
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In the field theory, there is a vacuum diagram
which encodes the phase η, and can thus be traced
back to the superpotential (3.4). It uses each of
the cubic vertices exactly once, and thus is proportional, in field theory, to the ratio of phases (3.6) (or
its inverse, depending on chirality). When drawn Figure 2: The two disc diaon top of the quiver, it has the topology of a net of grams.
hexagons (one for each node), as shown in Figure
3.
In string theory, we would evaluate this using
P
−1
projected fields φa,inv =
g∈Γ ra (g)γ (g)φa γ(g).
The diagram is equivalent to a genus one worldsheet with mn/s2 holes (one for each node in the
quiver). Thus the result is a product of traces, one
for each node labelled i, j, each of the form
trRij γ −1 (gij,1)γ(gij,2 )γ −1 (gij,3)γ(gij,4)γ −1 (gij,5)γ(gij,6 )
(3.7)
Figure 3: A portion of the dual
hexagon Feynman diagram.

where the group elements are paired, viz gi,j,3 =
−1
−1
−1
gi+1,j,6
, gi,j,4 = gi+1,j+1,1
, gi,j,5 = gi,j+1,2
. This result is the analogue of the single
node computation of Ref. [7].

It should be possible to reduce the product of traces by implementing the relation
(3.1) and using character formulas. Furthermore, the results given later in the paper
are fully consistent with the form of the superpotential, (3.4).

4. The moduli space of a regular D-brane
In order to verify that we have the correct field theory, we should consider the
moduli space of vacua for a regular D-brane. In particular, one should have a three
dimensional component where the D-brane lives away from the singularities, which
corresponds to the total orbifold space minus the fixed lines. When the D-brane
approaches one of the fixed lines, or the fixed point, the D-brane can fractionate,
and the dimension of the moduli space jumps.
From the orbifold point of view, the moduli space is described by six variables
with three relations. Only the Γ-invariant polynomials in the variables are good
functions on the space. This polynomial ring is generated by x = z1m , y = z3n , z = z2q ,
u = (z1 z2 )n , v = (z2 z3 )m and w = z1 z2 z3 , where q is the least common multiple of
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m, n. There are three relations2
f1 = xq/m y q/n z − w q = 0

(4.1)

f3 = uy − w n = 0

(4.3)

m

f2 = vx − w = 0

(4.2)

and we have three complex lines of singularities where two out of the three x, y, z are
equal to zero. These are the lines which are fixed by some elements of the orbifold.
From the gauge theory, we need to construct the equivalent of variables x, y,
z, u, v, w in terms of gauge invariant polynomials of the chiral fields. As is well
known from Matrix theory [19], one should hope to replace the equations (4.1)–(4.3)
by matrix versions. If the matrices are made to commute, then we can identify
variables x, y, z, u, v, w for individual branes by their eigenvalues. In particular, if we
want branes in the bulk, we should require that x, y, z be all invertible (in this case
as matrices).
Referring to the quiver, the natural gauge invariant coordinates are given by
traces of closed loops in the diagram. Matrix coordinates will be given by taking
the same closed loops without the trace, as they represent matrices whose eigenvalues are gauge invariant quantities, since gauge transformations act by similarity
transformations.
Qn/s
Q
Let us consider the variables x̃j = m/s
i=1 φ3ji , and similarly
i=1 φ1ij , and ỹj =
z̃j along diagonals. It is easy to see that all the x̃i are isospectral up to phases, the
same being true for all the ỹj , under the assumption that all the chiral matrices that
appear in the diagram are invertible and satisfy the F -constraints. The proof goes
by making use of moves which relate different matrices, and by application of the
Cayley-Hamilton theorem. An example of a move is shown in Figure 4.
The simple moves are given by solving the F
constraints for a single chiral multiplet. Under such
a move, we get a phase given by the ratio of the two
associated triangle couplings in the superpotential.
The eigenvalues of the matrix x̃j are determined
Figure 4: Allowed moves
by the roots of the characteristic polynomial of x̃j .
As x̃j satisfies its own characteristic polynomial, we have an identity P (x̃j ) = 0,
which we can use as a matrix equation. We can now change a row by multiplying
by φ2 at the end. As we want a matrix equation that begins and ends on the same
node, we can complete it by multiplication by the rest of the triangle that returns
the operator to the starting node. We can now make use of the moves to shift the
polynomial equation one step down, as shown in the Figure 5.
Indeed, apart from a global phase in the roots, the two characteristic polynomials
are the same, and therefore the two matrices have the same content. If we multiply
by the triangle operator and use the F -term constraints, we can move the polynomial
2

Note that when m = n = q, the variables u, v are redundant, and the system reduces to just
f1 = 0.
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equation along the rows, and hence all of the x̃j have the same roots (modulo phases),
and therefore they are equivalent when considered as matrix variables. Similarly for
all the ỹk and z̃k . As a result, we need only consider the matrices x̃1 , ỹ1 , z̃1 .
Now, using the moves, we can also see using
(3.6) that
x̃1 ỹ1 = ηỹ1 x̃1

(4.4)

This means that if ỹ1 is invertible, then the eigenvalues of x̃1 are only well defined modulo η, and hence
the trace of x̃1 vanishes, so x̃1 alone is not a good
matrix variable to describe the moduli space. On
the other hand, it shows us also that the matrices
must be of order s × s in order to find a represenFigure 5: Relating the rows.
tation of the algebraic equation (4.4). This is exactly the size of the matrices in the
regular representation of the quiver.
Now we can take x = x̃s1 , and similarly y = ỹ1s and z = z̃1s . These matrices will
commute amongst themselves, and they have s identical eigenvalues. The matrix
w is constructed from any small triangle in the graph, and it is easy to see that
w commutes with all x, y, z. w is defined up to a phase depending only on the
orientation of the triangle.
One can then see that the matrices x, y, z, w satisfy eq. (4.1) by making use
of the F -constraint moves. As the matrices x, y, z, w are all s × s and proportional
to the identity, we can identify the eigenvalues with the coordinates x, y, z, w of
the algebraic variety which describes the orbifold. The two different choices of w
differ by a root of unity which cancels in the equation, as the order of λs divides
q. Similar analyses can be used to construct the constraints (4.2)–(4.3), using the
Qm/s
Q
s
s
zigzags uj = n/s
j=1 ((φ2 φ3 )ij ) .
i=1 ((φ1 φ2 )ij ) and vi =
For a total number of branes which is N times that of the regular representation,
we get mutually diagonalizable matrices whose eigenvalues have a common multiplicity of s each. Hence, the spectrum of regular D3 branes gives a moduli space which
is a symmetric product of the moduli space of a single regular brane. Namely
MN = MN
1 /SN

(4.5)

Notice that if we relax the invertibility of the matrices, then the branes can
only fractionate at the fixed complex lines, as we need two out of the three matrices
x, y, z to be non-invertible in order for the previous arguments to fail, which is just
as expected.
Consider now adding fractional D3 branes. The configuration is allowed only if
the gauge theory anomaly vanishes, that is, if the fractional D-brane is constructed
by combinations of effective N = 2 directions [20]. The effective N = 2 directions are
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associated with the fixed complex lines of subgroups of Γ, on which fractional branes
can reside because the orbifold singularity is not isolated. In principle, one can see
a brane moving in the Coulomb branch only if it is a linear combination of N = 2
effective directions, and thus is automatically anomaly free. This will be important
when we compare with the supergravity analysis.

5. Spectrum of chiral operators
In order to make the comparison with supergravity later on, we need to calculate the
spectrum of single trace chiral primaries [12, 21, 22].
The quantum symmetry generators Q1 , and Q2 , which correspond to the group
of characters of Γ act by
Q1 : φ1,i,j → αφ1,i+1,j
−1

φ2,i,j → α φ2,i+1,j

(5.1)
(5.2)

φ3,i,j → φ3,i+1,j

(5.3)

Q2 : φ1,i,j → φ1,i,j+1

(5.4)

φ2,i,j → βφ2,i,j+1

φ3,i,j → β

−1

φ3,i,j+1

(5.5)
(5.6)

and they only act by shifts on the gauge fields. It is obvious that they are invariances
of the field theory as long as all gauge couplings and Yukawa couplings are equal,
which is the orbifold point. This identification of the quantum symmetry is necessary
in order to define the twist charge of operators in the field theory. In particular,
untwisted operators correspond to quantum symmetry singlets. The field theory
also has a U(1)3 symmetry. One of the U(1)’s is the R-symmetry and the other
U(1)’s twist the field φ1 , φ2 , φ3 by global phases.
Untwisted single-trace chiral primary operators are given schematically by
Oabc = trφa1 φb2 φc3

(5.7)

for any closed loop in the quiver. In order for the operator to be a conformal primary,
it must be such that dragging one field around and using the cyclicity of the trace
induces no phase. The true operator is a linear combination of all of the possible
terms with the same structure that are related by the F constraints. The other linear
combinations will correspond to chiral fields which are not primary.
For a primary to be untwisted, it must satisfy a more stringent constraint. It is
straightforward to show that untwisted primaries may be written as
q
n
n
m
tr P (φm
1 , φ2 , φ3 , φ1 φ2 φ3 , (φ1 φ2 ) , (φ2 φ3 ) )
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(5.8)

where P is any monomial. The point is that the variables in P all transform without
phase under the quantum symmetry and commute with one another, so that they
are not constrained by the presence of discrete torsion. These monomials are in oneto-one correspondence with monomials in x, y, z, u, v, w of the last section. These
operators are in fact superconformal primaries, and additional conformal primaries
may be constructed by inserting factors of Wα2 .
Twisted states come in families of the form
am/s

O1a = tr φ1

,

(5.9)

for some integer a, in multiplicity n/s. Similar twisted operators occur in φ2 and
φ3 as well. These are operators where one closes loops horizontally, vertically or
diagonally. It is a non-trivial fact that these operators exhaust the list of twisted
superconformal primaries. Note that the operator with a a multiple of s is untwisted.

6. Supergravity duals
6.1 Massless Twisted States and Monodromy
The supergravity duals of the previous D-brane configurations are obtained by looking at the near-horizon geometry of the D3-branes at the orbifold, and they will
correspond to geometries of the type AdS5 × S 5 /Γ, where Γ acts by isometries of the
S 5 . Our first task is to understand how the orbifold encodes the discrete torsion.
Because of our choice of group action, some orbifold elements will leave invariant
three fixed circles of the S5 , which descend from the fixed planes of the orbifold.
Along these circles, we have locally a singularity of the type C2 /Zk , where the Zk
is abelian and generated by the element that fixes the point, that is, we will have a
fibration of the Ak−1 singularities along these circles, which can be locally resolved
by k − 1 blowup parameters into a bouquet of k spheres which intersect according
to the extended Dynkin diagram of the Ak−1 group with one relation among these
cocycles.
The twisted states are associated to elements of the group Γ. They can survive
in the supergravity limit if they correpond to massless particles. It is known that
zero modes for blowup modes are not present in sufficient numbers to smooth out the
geometry, so it is not possible to study these models within classical geometry; we
must turn to string theory for detailed computations. Massless twisted states have
support at the fixed points of the group element they are associated with. Thus at
each fixed circle we have massless states in the string theory which survive the low
energy limit, and are associated with the group elements that fix the circle.
By going around the fixed circle on a closed loop, we are actually performing a
twist by the group elements which don’t fix the circle, because the fixed circle is an
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invariant subspace of the other elements of the orbifold group. The circle is of radius
k −1 .
For the twisted strings that live at the orbifold circles, going around the loop
one picks up a phase equal to the discrete torsion of the cycle acting on the group
element to which the twisted state corresponds. This is the discrete torsion phase in
the partition function. In our case, it sets the boundary conditions for the massless
twisted sector states.
Consider for example the singularity of z2 = z3 = 0 and the g = eℓ2 twisted sector
corresponding to the subgroup which fixes the circle. When we set the boundary
conditions for the twisted field, we get
Og (t + 2πhR/m) = ǫ(g, eh1 )Og (t)

(6.1)

for t the geodesic coordinate along this circle measured in units of R, the radius of
the AdS space. This circle is of size m−1 , and we wind around it h times. Winding
once around is the same as twisting by e2 in the unorbifolded covering space.
The blowup spheres are related to the discrete Fourier transform of the twisted
states, and the action of the discrete torsion phase (which one can associate to the
quantum symmetry of the local orbifold) becomes an automorphism of the Dynkin
diagram which preserves the intersection form and the orientation. Thus the geometry differs from the standard S 5 /Γ space in that the singularities have monodromy
of the resolving spheres. This is a special example of monodromies that have been
studied in [23, 16], which are related to canonical singularities [24].
The equation (6.1) then becomes for the fields on the basis of the spheres
Ôi (t + 2πhR/m) = Ôi+a(m/s)h (t)

(6.2)

The precise discrete torsion value is encoded in the possible integer values of a, which
are relatively prime to s. Let us take h = 1 = a for convenience. Then on going
around the fixed circle the monodromy acts as shown in Figure 6.
It is worth pointing out that although we
start with k − 1 twisted sectors, we have a
bouquet of k shrunken spheres. The relation
in homology makes one linear combination
of the local fields untwisted, and thus does
not belong to the twisted string states. The
counting of twisted states is the same in both
Figure 6: Monodromy of spheres
approaches.
Details of the exact calculation of the spectrum of masses are given in the Appendix A. The masses are given exactly by the tree level mixing induced by the RR
and NSNS backgrounds. It is not difficult to see that the spectrum of masses of chiral
twisted state operators gives rise to conformal fields of the appropriate dimensions
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and twist charge as the ones predicted by the orbifold low energy effective field theory. In fact, one can see that the monodromy of the spheres makes the fields periodic
with period 2πRs/m, as opposed to 2πR/m, so the circles look s times larger than
the geometric circle, and the quantization of the masses of the states gives a factor
in the mass which is proportional to ms−1 R−1 as opposed to the factor of mR−1
coming just from the size of the circle (c.f. eq. (5.9)). This is exactly the spectrum
of states predicted by the field theory too.
Notice also that the value of a is irrelevant for this calculation, as it amounts
to a different permutation of the spheres when going around the singularity. This is
also in accord with the field theory. This is the first check on the duality.
We should also point out that the spectrum of D-branes that can leave the
singularity is also equal in both theories (supergravity and field theory), as any
fractional D-brane that is seen in the bulk of supergravity is either untwisted, or
consists of a collection of D-brane states that are fixed at the orbifold circles.
6.2 Torsion Classes in Homology
Notice that the singular manifold thus described has torsion on homology two-cycles.
Upon monodromy on the circle, different spheres are identified.
On the singularity that we have just studied, there are m/s equivalence classes
in homology at the singularity. They can be represented as the average cycles
1
C̃i = [Ci + Ci+m/s + Ci+2m/s + . . . ]
s
and they intersect according to the Am/s−1 Dynkin diagrm.
The relation in homology is given by
X
X
Ci = 0 = s
C̃i
i

(6.3)

(6.4)

i

P
so calling T = i C̃i we can prove that sT = 0, but T 6= 0 as a homology cycle.
Indeed, if we wrap a brane around the T cycle, the brane is locally made of m/s
spheres, and is not allowed to leave the circle of singularities, since it can be made to
correspond to a root of the Am−1 lattice, and therefore it can not be deformed away
from the singular cycle. This argument works for t copies of the cycle for all t < s.
Thus the torsion cycle is of order s.
This is seen also in the field theory, because one cannot solve the F constraints
for φ1 , φ2 , φ3 all different from zero, unless one has rank s on each of the gauge groups
in the quiver.
This establishes a direct correspondence between fractional regular branes and
the torsion classes of the manifold. The existence of a torsion class is consistent with
the absence of blowup modes in the string spectrum. As the fractional Dp branes
also carry an anomalous D(p−2) brane charge [25](because the orbifold has constant

12

B field along each of the blowup cycles), one can have a BPS torsion class with finite
tension.

7. New N = 1 Dualities
Notice that the quivers we have obtained are identical to quivers of standard type
without discrete torsion. They only differ in the superpotential, and in fact, they
lie in the moduli space of deformations of the standard quiver theories [14]. For a
single-node quiver, the field theory is a marginal deformation of the N = 4 theory
√
√
(7.1)
W = 2gtrφ1 [φ2 , φ3 ] − 2g(λs − 1)trφ1 φ2 φ3
Alternatively, this may be rewritten in terms of fabc and dabc as appears in Ref. [14].
In the case of multinode quiver theories, the superpotential is a marginal deformation
of standard N = 1 quiver theories.
Thus, with the AdS/CFT dictionary in hand, these field theory deformations act
by geometrically deforming the theory which started with S 5 , or S 5 /Γ. In particular,
we expect that the marginal deformation corresponds to replacing the 5-sphere with
a deformed version, and also turning on 2-form fields.
In supergravity it has been argued that one cannot observe some of these deformations [26]. However, as we deform the superpotential, the conditions for a field
being primary change, as the moduli space of couplings is curved. In the field theory
this is seen because conformal invariance imposes restrictions on the couplings.[14]
The moduli space of the theory changes when we follow these deformations. In
particular, we have to find solutions of the F -constraints, which take the form
φ1 φ2 = ωφ2φ1

(7.2)

For generic ω, there is no solution to these matrix equations with φ1 φ2 6= 0 at finite
N, and therefore the classical moduli space disappears. But on the other hand, we
can elevate the previous equation to non-commutative geometry as in [27], if we let
φi be operators acting on an infinite dimensional Hilbert space. In this case we would
be forced onto the large N field theory from the start.
As a marginal perturbation, λ would seem to be a continuous parameter. However, properties of the theory change discontinuously as we change λ. There is a
direct analogy here to the θ-angle of six-dimensional gauge theories,[23] which are
also related to non-commutative geometry.[28] For values of λ which are roots of
unity, the classical moduli space has solutions for finite matrices, and it is exactly in
this case where we have the dual theory with the orbifold.
Thus, for each of these theories under the conditions for the Maldacena conjecture
to be reduced to supergravity, we have two types of supergravity duals. Namely,
AdS5 × S̃5 where we have a deformed sphere S̃ 5 and AdS5 × S 5 /Γd , where we use
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the subscript d to indicate the presence of discrete torsion. (This is the extreme case
where the quiver theory has only one node, but one can restate it for the general case
by writing the extra quotients properly.) These theories are mirror to one another,
even at finite N.
At infinite N, there are additional field theory dualities relating different values
of λ. On AdS5 × S 5 /Γd we have various choices of discrete torsion parameter. But it
can easily be seen that neither the chiral ring nor the classical moduli space depends
on this choice, once s is fixed. Moreover one sees that the discrete torsion parameter
can only be measured in chiral correlation functions involving twist fields that have
support at different singularities. In the supergravity approximation, in order for
twist fields to interact, they should be able to be at the same spacetime point. Thus
all of these amplitudes are suppressed because the twisted strings have to extend far
away along the sphere in order to interact.
On the field theory side, these amplitudes vanish in the free field limit, as they
would involve, for example, the OPE of tr(φk1 )tr(φk2 )tr(φk3 ). Notice that if the free field
limit is the correct way to calculate three point functions (just as in AdS5 × S 5 )[29]
then the discrete torsion parameter disappears in the supergravity regime. Indeed,
discrete torsion appears only in a non-planar diagram, as in Figure 3.
It would be natural then to identify all of these CF T theories as dual pairs.
They meet all of the requirements of N = 1 duality, as they have the same moduli
space of flat directions and the same spectrum of chiral primaries. At large N they
also have the same set of three point correlation functions.
This duality would act by exchanging the fundamental roots of unity. It is not
continous on the parameter λ, but it is a well known mathematical object: it is the
Galois group of the algebraic extension Q(η). In our case this Galois group can also
be made to act on the algebra generated by the matrices x, y, z, u, v, w if all of their
components are algebraic numbers, but the significance of this curiosity is at best
obscure.

8. Conclusions
We have analyzed some Abelian orbifolds with discrete torsion from the D-brane
perspective. Our results show that the simple cases give rise to deformations of
known theories of the brane box type, which differ only in the superpotential. This
result extends the work of [7, 8]. We tested the field theory by reproducing the
orbifold as the moduli space of D-branes and by calculating the spectrum of chiral
primaries.
In analyzing the field theory with the AdS/CFT correspondence, we discovered a
new geometric picture for the orbifolds with discrete torsion. Indeed we found that as
the fixed planes of singularities of the orbifold become fixed circles in the AdS/CFT
correpondence, the study of massless twisted states on these fixed circles revealed
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that the blowup modes of the singularities have monodromy. The resolved geometry
then has a different topology than the standard orbifold, and provides a geometrical
understanding of the discrete torsion. Also, the obstructions to resolving the CalabiYau singularities may be traced back to the existsence of monodromy of the blowup
modes. We have explicitly checked this picture by calculating the spectrum of chiral
primaries in the supergravity/string theory and comparing with the field theory.
The AdS/CFT correspondence can then be used to prove new examples of duality. Indeed, as the theories with discrete torsion are seen to be given by deformations
of standard orbifolds, one can follow these deformations at the supergravity level.
This provides new examples of mirror symmetry, as both string theory descriptions
are weakly coupled.
In the large N limit we have also found new dualities. These dualities appear
because the spectrum of operators in the supergravity is insensitive to the discrete
torsion parameter, and the three-point functions of chiral twisted states that could
measure this parameter vanish in this limit. The duality acts discontinuosly on the
parameters defining the theory by permuting the different roots of unity.
It would be interesting to get a better understanding of the deformation theory
and resolution of singularities within the D-brane language along the lines of [30],
and to extend these results for other marginal and relevant deformations of the field
theory. We would also like to extend the discrete torsion models to other geometries,
wuch as the conifold[31, 32, 33]. This is work in progress [34].
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A. Supergravity spectrum of chiral operators
In this appendix we set up the calculation of the supergravity spectrum of states in
the orbifolds with discrete torsion. Our construction is done following the background
normal coordinate expansion for Ramond-Ramond background type of calculations
explained in [35, 36]. These results coincide with supergravity calculations obtained
in [37] in cases where smooth geometry exists, but generalizes to spaces which have
less local symmetry. For simplicity we will study the local C2 /Z2 fixed circles (only
because it is easier to write the twisted vertex operators). The results generalize
immediately to any other orbifolds.
The analysis is completely standard. The spin field S α is written in terms of
Spin(5, 1) × Spin(4) spin-fields: S α → {S A Σa , SA Σȧ }. Conventions for operator
products may be found in the Appendix B.
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A.1 Twisted States of the C2 /Z2 Orbifold
At the fixed circle, we have a C2 /Z2 orbifold. The twisted sector massless strings are
given by the following operators.
In the NSNS sector, we find
ab
a b −φ −φ̃
ON
e σ6 σ7 σ8 σ9 eik·X
S ∼ Σ Σ̃ e

(A.1)

These transform as (1, (1 + 3, 1)) under Spin(5, 1) × Spin(4). and correspond to the
NS θ-angle, ΘN S and the triplet of blowup modes.
In the RR sector, we find
OR,AB ∼ SA S̃B e−φ/2 e−φ̃/2 σ6 σ7 σ8 σ9 eik·X

(A.2)

which transform as (6 + 10, (1, 1)). The 6 is the field strength of the RR θ-angle,
∂µ ΘR .
A.2 The Background
The background that we are interested in must be a singlet under both Spin(4) and
Sp(2) ∼ Spin(5) ⊂ Spin(5, 1). The RR part is then determined as follows. The 6 of
Spin(5, 1) has one Sp(2) singlet, while the 10 has none. We thus find that the RR
background vertex is
Z 

(A.3)
VRR ∼ h
JAB ǫab S A Σa S̃ B Σ̃b + αJ AB ǫȧḃ SA Σȧ S̃B Σ̃ḃ e−φ/2 e−φ̃/2
where h is a normalization constant, α is a fixed phase and J is the antisymmetric
Sp(2) invariant.
First, let us note that two RR background insertions give a log divergence when
they are close together
Z 

′
2
VRR (z)VRR (z ) ∼ 16h ln ε
ψ µ ψ̃µ − ψ M ψ̃M e−φ e−φ̃
(A.4)
The signature here is (5, 5), and this divergence corresponds to a contribution to the
graviton β-function. The other contribution may be computed directly within the
normal coordinate expansion, and takes the form
Z
1
log ε Rij ψ i ψ̃ j e−φ e−φ̃
(A.5)
4
Thus we fix the normalization of the RR background
1
hR = √
2 2
where R is the radius of the AdS5 metric.
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(A.6)

A.3 Mixing and Masses
Here we compute the masses of twisted eigenstates. In the presence of the RR
background, there is operator mixing at lowest order. In particular, we find mixing
between ΘN S and ΘR , as follows. Using the notations (A.1),(A.2), these singlets
have vertex operators of the form
(1)

ab
ON S ∼ ΘN S ǫab ON
S
(1)
OR

∼ ∂µ ΘR (Γµ )AB OR,AB

(A.7)
(A.8)

Mixing is induced through the Fischler-Susskind mechanism – there are logarithmic
divergences between the background VRR and these operators.
Consider the equation of motion for the RR singlet. We find mixing through
(1)

ON S (z) · VRR (z ′ ) ∼ 2hΘN S JAB k/AC k/BD log ε OR,CD (z ′ ).

(A.9)

Thus we find an equation of motion
1 2
k ∂µ ΘR (Γµ )CD + 2hJAB k/AC k/BD ΘN S = 0
2

(A.10)

n2
n
ΘR + 4ih ΘN S
2
R
R

(A.11)

and thus mass terms

Similarly, mixing for the NSNS singlet is induced through
(1)

ab
′
OR (z) · VRR (z ′ ) ∼ h∂µ ΘR JAB (Γµ )AB log ε ǫab ON
S (z )

Putting these results together, we have a mass matrix
 k 2

−8ih( Rk )
(R)
2
[m ] =
+4ih( Rk ) ( Rk )2

(A.12)

(A.13)

where k is the momentum along the fixed circle in units of R.
Within the AdS-CFT correspondence[12, 21, 22], we expect that the eigenvalue
masses correspond to the dimensions of operators in the boundary CFT:
√
∆ = 2 + 4 + m2 R2
(A.14)
Given the result A.13, we find a tower of states
∆1 = 2 + |k ± 2|

(A.15)

where k ∈ Z.
Similiarly, one obtains for the triplets
∆3 = 2 + |k|
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(A.16)

The interesting part of this calculation comes from the origin of the mass shift, which
can be traced to the σ-model coupling proportional to Rabcd ψ a ψ b ψ̄ c ψ̄ d , and thus for
spaces where R is not symmetric one should be able to observe the effect here.
It is clear that these calculations are independent of the fact that we had a C2 /Z2
orbifold. The structure of states is the same for any orbifold group. The different
orbifolds C2 /Zn will have instead n − 1 twisted sectors.
The singlet states are chiral. Because of the monodromy of the circle k = am/s,
(am/s)
and the dimensions of the operators match the tr(φi
), with multiplicities. The
2 (am/s)
other operators are related to tr(W φi
).

B. Conventions for spin fields
Under Spin(5, 1)×Spin(4) ⊂ Spin(9, 1), the spin fields decompose as S α → {S A Σa , SA Σȧ }.
Here A is an Spin(5, 1) spinor index and a, ȧ are Spin(4) = SU(2) × SU(2) indices.
We denote vector indices by µ, ν, . . . for Spin(5, 1) and M, N, . . . for Spin(4).
Operator products are
ǫab
z 1/2
ǫȧḃ
Σȧ (z)Σḃ (0) ∼ 1/2
z
a
ȧ
aȧ M
Σ (z)Σ (0) ∼ (ΓM ) ψ (0)
Σa (z)Σb (0) ∼

ȧ

a

ȧa

M

Σ (z)Σ (0) ∼ (ΓM ) ψ (0)
1

ψ M (z)Σa (0) ∼ Σa (z)ψ M (0) ∼

z 1/2

ψ M (z)Σȧ (0) ∼ Σȧ (z)ψ M (0) ∼

z 1/2

1

(B.1)
(B.2)
(B.3)
(B.4)

(ΓM )aȧ Σȧ (0)

(B.5)

(ΓM )ȧa Σa (0)

(B.6)

The matrices ΓM have Clifford normalization. Similarly
δBA
z 3/4

(B.7)

(Γµ )AB ψ µ (0)

(B.8)

(Γµ )AB ψ µ (0)

(B.9)

(Γµ )AB SB (0)

(B.10)

S A (z)SB (0) ∼ SA (z)S B (0) ∼
S A (z)S B (0) ∼

1
z 1/4
1

SA (z)SB (0) ∼

z 1/4

ψ µ (z)S A (0) ∼

z 1/2

1
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1

ψ µ (z)SA (0) ∼

z 1/2

S A (z)ψ µ (0) ∼

z 1/2

SA (z)ψ µ (0) ∼

z 1/2

1

1

(Γµ )AB S B (0)

(B.11)

SB (0)(Γµ )BA

(B.12)

S B (0)(Γµ )BA

(B.13)

where (Γµ )AB = JAC (Γµ )CD JDB , with J the antisymmetric Sp(2) invariant.
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